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Abstract: This paper deals with boiling heat transfer in the flow of water through an asymmetrically heated horizontal rectangular  
mini-channel. The mini-channel was made by gluing three transparent glass plates and a copper block. Through the glass window, the  
variable along the length of the mini-channel two-phase flow structures were recorded to determine local values of the void fraction. Four 
resistance heaters were attached to the copper block, powered by direct current, generating the heat initiating the flow boiling inside the 
channel. During the experiment, the following were measured: water volumetric flow rate, inlet pressure with pressure drop, inlet and outlet 
water temperature, copper block temperatures at three points inside its body, voltage and current supplied to the heaters. Stationary and 
laminar fluid flow with low Reynolds numbers were assumed in the mathematical model of heat transfer in selected elements of the  
measuring module. The temperature distributions in the copper block and flowing water were described by the appropriate energy  
equations: the Laplace equation for the copper block and the Fourier–Kirchhoff equation with parabolic fluid velocity for the flowing water. 
These equations were supplemented with a set of boundary conditions based on measurement data; moreover, data from experimental 
studies were the basis for numerical calculations and their verification. Two-dimensional temperature distributions of the copper block and 
water were calculated with the Trefftz method (TM). The main objective of this study was to determine the heat transfer coefficient on the 
contact surface of the copper block and water, which was calculated from the Robin boundary condition. The results of the calculations 
were compared with the results of numerical simulations performed using the Simcenter STAR-CCM+ software, obtaining consistent  
values. Computational fluid dynamics (CFD) simulations were verified based on experimental data including void fraction and temperature 
measurements of the copper block and flowing water. 
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1. INTRODUCTION. BRIEF STATE OF THE ART  

Boiling heat transfer in mini-channel flow has been the subject 
of extensive experimental and numerical research presented in 
the literature [1–11]. Due to the complexity of the process, the 
development of comprehensive correlations and/or flow boiling 
models based solely on experimental data is not possible. The 
use of numerical simulation in the modelling thermal and flow 
phenomena allows estimating the approximate values of physical 
parameters (e.g. temperature or pressure) and examining their 
impact on the studied phenomenon [8–11]. Numerical simulation 
also reduces the time needed for time-consuming and costly 
experimental investigation. However, it should be noted that the 
results of numerical simulations should always be verified based 
on the results of the experiment. 

Experimental studies of flows in mini- and micro-channels fo-
cus on boiling flow and, to a lesser extent, condensation. Flow 
modelling with change of fluid phase is hampered by the fact that 
these flows are described on a macroscopic scale as stationary, 
but the formation, growth, coagulation and collapse of vapour 
bubbles generate local non-stationary changes in temperature, 

pressure and flow velocity. Complex two-phase boiling flow mod-
els require numerous simplifying assumptions or hard-to-measure 
experimental data. For this reason, numerous models of specific 
boiling flow cases have been developed, such as the three-zone 
model for the case of flow of elongated bubbles [12,13] or the 
model for annular flow [9], both of which are the characteristic 
flows for mini- and micro-channels. The Lagrangian–Eulerian 
framework with finite element method (FEM) requires a laborious 
and complicated numerical procedure for a one-fluid model and 
thus has limited applicability [14].  

The briefly described state of modelling and numerical simula-
tion indicates the necessity for invention of a general and specific 
model of flow boiling in mini-channels as well as corresponding 
computation methods. The most common methods used in flow 
boiling in mini-channels include correlation equations, the Galerkin 
FEM, volume of fluid (VOF) method, lattice Boltzmann methods 
(LBM), the Trefftz method (TM) and the recently rapidly develop-
ing computational fluid dynamics (CFD) methods. The description 
of the current experimental and numerical approaches to the 
analysis of heat transfer in mini- and micro-channels can be found 
in the literature [5,15–18]. A particularly important parameter for 
the description of flow boiling is the local value of the void fraction, 
which causes the search for various non-intrusive methods of its 
measurement. In these methods, it is important that the measur-
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ing transducer does not disturb the flow and does not affect the 
observed two-phase structure. Methods that meet this condition 
are usually based on the use of changes in certain physical pa-
rameters of the flowing fluid related to the void fraction, e.g. 
change in the dielectric constant of the two-phase mixture (capaci-
tance method [19–21]), change in the acoustic properties of the 
two-phase mixture for ultrasonic wave propagation [22] and opti-
cal methods based on image analysis, which are often used in 
experimental studies of two-phase flows in mini-channels [18]. An 
extended overview of experimental techniques and correlations 
for the void fraction can be found in the literature [23]. 

In the presented experimental research, the new approach 
concerning high-speed filming with a high-resolution camera, 
specific photographic data reduction and experimental errors 
analysis of the observed two-phase boiling flow structures in a 
horizontal, rectangular mini-channel [3] was applied. This tech-
nique allowed simultaneous boiling two-phase flow visualisation 
and local void fraction measurement. 

In the paper, the results were obtained using the TM and nu-
merical simulation performed in the CFD environment. The choice 
of methods results from the main goal of the article, which is to 
formulate and solve a mathematical model concerning the heat 
transfer problem in flow boiling in mini-channels.  

The TM, compared to traditional numerical methods, offers 
advantages in terms of computational efficiency and accuracy. By 
utilising Trefftz functions, which are solutions to the governing 
equations, the method can provide highly accurate results, with 
fewer computational resources. The TM is a meshless method 
that allows for stable solutions to inverse heat transfer problems 
and does not require advanced software. Numerical simulations 
performed using CFD codes enable predictions and analysis of 
temperature distributions of heaters elements and working fluid in 
exchanges. This allows to gain deeper insights into the physics of 
the system and identify any heat transfer inefficiencies. 

In the paper, the results of numerical simulations were com-
pared with the results of the TM. Overall, the Trefftz and 
Simcenter STAR-CCM+ results are coincident. In the future, the 
TM can be used to validate, together with experimental data, the 
results of numerical simulations carried out on commercial CFD 
codes. 

2. EXPERIMENTAL APPARATUS AND PROCEDURE  

2.1. Experimental apparatus 

The diagram of the experimental apparatus is shown in Fig. 1. 
The mini-channel, which is the basic element of the apparatus, 
was created by gluing three transparent glass plates and a rec-
tangular milled copper block, as shown in Fig. 1b. The copper 
block forms the structural basis for the mini-channel and acts as a 
thermal buffer, ensuring equalisation of the temperature field. One 
of the surfaces of the block is the heating surface in the mini-
channel (Fig. 1b). Heat is generated by four flat heating resistors 
placed on the outer surface of the copper block opposite the 
heating surface in the mini-channel.  

The heating resistors were powered by a TDK Lambda GEN 
50–30 high-current DC power supply. Optiwhite glass was chosen 
as the construction material for the walls of the mini-channels. It is 
colourless, contains a limited amount of iron and has a high light 
transmission factor. To illuminate the channel, a proprietary illumi-

nator system based on Citizen CL-L233-HC13L1-C LED elements 
was used. LOCTITE® SI 5145 adhesive was used to glue the 
mini-channel glass and copper elements. The dimensions of the 
mini-channel are as follows: length 180 mm, width 4 mm and 
depth 1.5 mm, with a cross-section of 6 mm2. The hydraulic di-
ameter of the mini-channel is 2.18 mm, as shown in Fig.1b. Five 
thermocouples were placed in the mini-channel module, one at 
the inlet, one at the outlet of the mini-channel and three inside the 
copper heating block (Fig. 1b). Two pressure sensors were placed 
at the inlet and outlet of the channel. The flow of distilled water 
was generated by a precision gear pump and reached a maximum 

values of 1.5  107 m3/s. The flow in the mini-channel was 
laminar, where Re = 198. Flows at low Reynolds numbers are 
quite often used in miniature cooling systems for electronic devic-
es. 

 
Fig. 1. (a) Scheme of the experimental apparatus: 1 – measurement 

module with a mini-channel, 2 – copper heating block, 3 – tem-
perature and pressure sensors [Czaki K-type, TP-201; Kobold,  
0–2.5 bar], 4 – LED lighting, 5 – DC power supply [TDK Lambda], 
6 – cooler, 7 – fan, 8 – rotameter [Heinrichs], 9 – filter, 10 – preci-
sion gear pump [Tuthill Concord DGS 38 PP], 11 – pressure con-
trol, 12 – compressed air valves, 13 – compressed air tank,  
14 – preheater, 15 – control and measurement module [NI cDAQ-
9178 chassis], 16 – computer controlling the experiment with  
a LabView script, 17 – high-speed video camera [Phantom 711,  
Vision Research], Pca – compressed air pressure sensor; Tin, Pin 
temperature, pressure at the inlet to the channel, Tout, Pout tem-
perature, pressure at the outlet of the channel, (b) General view  
of the mini-channel: TC1, TC2 i TC3 thermocouples located inside 
 the copper heating block 

Figs. 2 and 3 show the view of the test stand and the measure-
ment module with a mini-channel, respectively. 
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Fig. 2. View of the experimental setup, markings as in Fig. 1 

 

Fig. 3. View of the measuring module with mini-channels, markings:  
1a – mini-channel, 18 – radiator of the LED illuminator,  
other markings as in Fig. 1. 

2.2. Experimental procedure 

The measurement procedure used for the experiments per-
formed at the stand (Fig. 1) is as follows: 
(a) Pumping the fluid through the mini-channel at the set volumet-
ric flow rate, inlet temperature and pressure. 
(b) Two-stage heating of the fluid up to the boiling point by using a 
preheater, followed by a heating copper block for the mini-
channel. 
(c) Recording of the basic thermal and flow parameters: water 
volumetric flow rate, water inlet and outlet temperatures, inlet 
pressure, pressure drop along the length of the mini-channel, 
power supply to the heater and temperature in three points of the 
copper heater. A single measurement had the following course: 
within 6–7 s, all experimental parameters were read and saved to 
a computer disk. 
(d) Filming two-phase flow structures with a high-speed video 
camera and saving the recorded file to a computer disk. 

Images of two-phase flow structures recorded by a high-speed 
camera were used to determine the local void fraction in the chan-
nel, as mentioned in papers [3,7]. This was achieved by a special-
ly developed procedure based on image analysis on the MatLab 
environment. 

3. MATHEMATICAL MODEL AND CALCULATION METHODS  

This paper study proposes two approaches to determine the 
heat transfer coefficient between a copper heating surface and 
distilled water flowing in a mini-channel. In the first approach, it 
was assumed that the temperature distribution of the copper block 

satisfies the Laplace equation, and the water temperature satisfies 
the corresponding the energy equation with one component of the 
velocity vector (with other components equal to zero) parallel to 
the direction of fluid flow. The given energy equations have been 
supplemented with an appropriate set of resulting boundary condi-
tions from measurement data. The semi-analytical TM [24] was 
used to determine the two-dimensional temperature distributions 
of the copper block and water. The idea behind the TM is to ap-
proximate the unknown solution of a partial differential equation 
with a linear combination of functions (these are the Trefftz func-
tions) that satisfy the equation exactly. Knowing the boundary 
conditions allows determining the coefficients of a linear combina-
tion based on the least squares method. The approximation ob-
tained in this way is a continuous and differentiable function that 
satisfies the governing equation in an exact manner and the 
boundary conditions in an approximate manner. In the presented 
approach, the knowledge of the temperature distribution of the 
copper block and water allows determining the heat transfer coef-
ficient at the copper block surface–water interface from the Robin 
boundary condition. A wide range of applications of the TM for 
solving direct and inverse engineering problems can be found in 
articles and monographs, e.g. [25–30]. 

In the second approach, as in [31], Simcenter STAR-CCM+ 
software was used to analyse the heat transfer in the measure-
ment module. The geometrical dimensions of the heating copper 
block and the physical parameters of both the material of the block 
and the flowing fluid were used in the numerical calculations, as 
well as the spatial orientation of the entire measurement module 
and the thermal and flow parameters recorded during the experi-
ment.  

It is important to note that the TM and CFD simulations have 
advantages and limitations, and the choice between the two 
methods depends on the specific problem at hand, the available 
resources and the desired accuracy and scope of the solution. 
Tab. 1 shows the differences between the Simcenter STAR-CCM+ 
simulation and the TM. 

Tab. 1. Differences between the Simcenter STAR-CCM+ simulation    
  and the TM 

Differences CFD simulation TM 

Need meshing + - 

Solution satisfies 

the governing 

equation 

Approximately Exactly 

Used to solve 

non-linear equa-

tions 

+  *) 

Domain 
No limitations on 

shape 
Simple shape **) 

Computer 
Requires large 

processing power 

Does not require large 

processing power and 

advanced software 

*Combination of the TM with other methods (e.g. FEM, Picard method) 

enables solving non-linear equations. 
**Geometrically complex domain can be divided into simple subdomains. 

3.1. Trefftz method 

The model given below is a simplified version of the model de-
scribed in [7], where it was assumed that the measurement mod-
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ule is in a steady state and the heat transfer process in the copper 
block and water is carried out in two directions: x (referring to the 
length of the block and the mini-channel) and perpendicular to it, y 
(referring to the height of the block and the depth of the mini-
channel δM). As in [7], assuming that the physical phenomena 
occurring on the side edges of the module do not significantly 
affect the thermodynamics of the process taking place in the 
central part of the module, further considerations concerned only 
the central part of the measurement module, i.e. the section along 

its length. A laminar flow with one velocity component v(y) with a 
parabolic profile fulfilling the condition was assumed in the chan-
nel: 

1

𝛿𝑀
∫ 𝑣(𝑦)𝑑𝑦

𝛿𝑀

0
= 𝑣ave           (1) 

where δM is the mini-channel depth, v(y) is the parabolic water 

velocity and vave is the average speed of water in the mini-
channel based on the known volume flow.  

The model assumes that the temperature of the copper block 
and water satisfies the Laplace equation and the Fourier–
Kirchhoff equation, respectively, in the appropriate forms: 

 For a copper block in the domain, 

 𝐷𝑐 = {(𝑥, 𝑦) ∈ 𝑅2 : 0 < 𝑥 < 𝐿, 0 < 𝑦 < 𝛿𝐶} 

𝛻2𝑇𝐶 = 0               (2) 

 For water in the domain, 

 𝐷𝑓 = {(𝑥, 𝑦) ∈ 𝑅2 : 0 < 𝑥 < 𝐿, 𝛿𝐶 < 𝑦 < 𝛿𝐶 + 𝛿𝑀}  

𝜆𝑓𝛻2𝑇𝑓 = 𝑣(𝑦)𝑐𝑝𝜌𝑓
𝜕𝑇𝑓

𝜕𝑥
           (3) 

where TC  is the cooper block temperature, δC  is the cooper 

block depth, L is the length of the measurement module, Tf  is 

liquid (water temperature), λf is the water thermal conductivity, ρf 
is the water density and cp is the water specific heat. For Eqs (2) 

and (3), the appropriate Dirichlet and Neumann boundary condi-
tions were adopted. Following boundary conditions were assumed 
for Eq. (2): 

 the temperature of the block 𝑇𝐶𝑘 is known from the measure-

ments in its three inner points (𝑥𝑘 , 𝛿𝑚𝑝) (Fig. 1b)  

𝑇𝐶(𝑥𝑘 , 𝛿𝑚𝑝) = 𝑇𝐶𝑘  for k = 1,2         (4)  

 its outer wall and walls perpendicular to the mini-channel are 
insulated  

𝜕𝑇𝐶(𝑥,0)

𝜕𝑦
= 0              (5) 

𝜕𝑇𝐶(0,𝑦)

𝜕𝑥
= 0              (6) 

𝜕𝑇𝐶(𝐿,𝑦)

𝜕𝑥
= 0              (7) 

 heat exchange takes place on the contact surface with the 
resistors, i.e. for 𝑥𝜖𝐷 , where 𝐷 = 〈2.5 𝑚𝑚; 41.5 𝑚𝑚〉 ∪
〈47.5 𝑚𝑚; 86.5 𝑚𝑚〉 ∪ 〈93.5 𝑚𝑚; 132.5 𝑚𝑚〉 ∪
〈139.5 𝑚𝑚; 178.5 𝑚𝑚〉 

𝜆𝐶
𝜕𝑇𝐶(𝑥,0)

𝜕𝑦
= −𝑞             (8) 

where 𝑞 is the heat flux and 𝜆𝐶  is the cooper thermal conductivity. 
The following assumptions constitute a set of boundary condi-

tions for Eq. (3):  

 ideal thermal contact between the copper block and the water 

𝑇𝐶(𝑥, 𝛿𝐶) = 𝑇𝑓(𝑥, 𝛿𝐶)          (9) 

𝜆𝐶
𝜕𝑇𝐶(𝑥,𝛿𝐶)

𝜕𝑦
= 𝜆𝑓

𝜕𝑇𝑓(𝑥,𝛿𝐶)

𝜕𝑦
              (10)  

 the knowledge of water temperature at the entrance and exit 
to/from the mini-channel 

𝑇𝑓(0, 𝑦) = 𝑇𝑓,𝑖𝑛              (11)  

𝑇𝑓(𝐿, 𝑦) = 𝑇𝑓,𝑜𝑢𝑡                    (12)  

where Tf,in  is the water temperature at the inlet to the mini-

channel and Tf,out is the water temperature at the outlet from the 

mini-channel. 
The system of differential equations defined in this way to-

gether with the boundary conditions leads to the solution of two 
inverse Cauchy-type problems [25,32] in two different regions 
(copper block and mini-channel) with different shapes and physi-
cal parameters. To determine the two-dimensional temperature 
distributions of the copper block and water, the TM described in 
detail in [28,29] was used. The knowledge of temperature distribu-
tion in both areas allows determining the heat transfer coefficient 
of on their contact surface from the Robin boundary condition: 

𝛼(𝑥) =
−𝜆𝐶

𝜕𝑇𝐶
𝜕𝑦

(1−𝜑(𝑥))

𝑇𝐶−𝑇𝑙,ave
               (13) 

where Tf,ave is the reference water temperature and φ is the local 

void fraction. 

Reference water temperature Tf,ave was calculated as the av-

erage water temperature in the mini-channel, and the local void 
fraction φ was approximated by the logistic curve in further calcu-
lations. 

3.2. Simcenter STAR-CCM+ software 

To verify the calculation results obtained by using the TM, the 
temperature distribution of the copper block and water and the 
value of the heat transfer coefficient were calculated using 
Simcenter STAR-CCM+ software (version 2020.2.1 (15.04.010-
R8)). 

The calculations assume that (i) the fluid flow is incompressi-
ble with a known constant flow rate, (ii) the temperature of the fluid 
at the inlet to the mini-channel and its overpressure at the outlet 
are known, (iii) the temperature of the copper block at three 
measurement points is known (Fig. 1b), (iv) there is no heat losses 
to the surroundings, (v) the heat flux delivered to the resistors is 
known and (vi) the material properties do not depend on tempera-
ture.  

A PC with an Intel Core i9 CPU (24 cores), clocked at 3.50 
GHz and 256 GB of RAM, was used for the calculations. The 
polyhedral computational grid in the entire module was created 
from 7,573,690 cells (the grid in the mini-channel consisted of 
340,198 cells), as shown in Fig. 4. The material parameters used 
in the calculations are presented in Tab. 2. 

Numerical calculations were performed using the multiphase 
VOF model found in the literature [33]. In this approach, the issues 
of heat transfer and fluid flow are described by the equations of 
mass, momentum and energy balances and the void fraction in a 
two-phase mixture. The problem formulated in this way is solved 
by the finite volume method (FVM) [34], which consists in discre-
tising the integral form of given equations to a system of algebraic 
equations. Values of functions in nodes located in the centres of 
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control areas equivalent to the cells of the calculation grid are 
sought. 

Tab. 2. Material parameters of the measurement module 

Element of the measuring module 

Material parameter 
Cooper 
block 

Heater 
Distilled  

water 

Density [kg/m3] 8,940.0 7,832.0 997.561 

Dynamic viscosity [Pa/s] - - 0.00088871 

Specific heat [J/kg/K] 386.0 434.0 4,181.72  

Thermal conductivity [W/m/K] 398.0 63.9 0.620271 

 

 

Fig.4. (a) Calculation grid applied to the mini-channel with the heating 
block, (b) enlargement of the cross-section at the entrance  
to the mini-channel, (c) water temperature at a distance  
of 0.0045 m from the inlet to the mini-channel, (d) middle cross-
section of the mini-channel with the heating block along their 
length, (e) heating block temperature in the middle cross-section 

Systematic refining of the grid size is important for computer 
simulations. 

The grid convergence method (GCI) [35,36], based on the 
Richardson extrapolation (RE) [37,38], was used to examine and 
evaluate the quality of the adopted computational grid. According 
to the procedure for estimation of discretisation error described in 
the literature [36] and recommended by the Fluids Engineering 
Division of the American Society of Mechanical Engineers 
(ASME), the grid convergence index for the 3D grid has the follow-
ing form: 

𝐺𝐶𝐼𝑖𝑗 =
1.25𝑒𝑖𝑗

𝑟𝑖𝑗
𝑝−1

                 (14) 

where  

𝑒𝑖𝑗 = |
𝜙𝑖−𝜙𝑗

𝜙𝑖
|                                    (15) 

while 𝜙𝑘 denotes the solution on the k th grid. 
The grid refinement factor r  in Eq. (14) was calculated ac-

cording to the following formula: 

𝑟𝑖𝑗 =
ℎ𝑖

ℎ𝑗
  for  ℎ𝑗 < ℎ𝑖                   (16) 

while the order p of the method is the solution of the following 
equation: 

𝑝 −

|𝑙𝑛|
𝜀32
𝜀21

|+𝑙𝑛
𝑟21

𝑝−sgn(
𝜀32
𝜀21

)

𝑟32
𝑝−sgn(

𝜀32
𝜀21

)
|

ln(𝑟21)
= 0             (17) 

where representative grid size h for the 3D grid was calculated 
from the following formula: 

ℎ = [
1

𝑁
∑ (Δ𝑉𝑖)

𝑁
𝑖=1 ]

1/3

              (18) 

and 𝑉𝑖 is the volume of the ith cell and N is the total number of 
cells used for the computations, 
while 

𝜀𝑖𝑗 = 𝜙𝑖 − 𝜙𝑗                  (19) 

where 𝜙𝑘 is defined as in Eq. (15). 
Calculations should be carried out for at least three different 

grids such that the grid refinement factor r should be >1.3 [36]. 
Additional extrapolated values can be taken from: 

𝜙𝑖𝑗
𝑒𝑥𝑡 =

𝑟𝑖𝑗
𝑝𝜙𝑗−𝜙𝑖

𝑟𝑖𝑗
𝑝−1

                   (20) 

and  

𝑒𝑖𝑗
𝑒𝑥𝑡 = |

𝜙𝑖𝑗
𝑒𝑥𝑡−𝜙𝑗

𝜙𝑖𝑗
𝑒𝑥𝑡 | .                (21) 

The aim of the calculation was the numerical uncertainty GCI21 in 
the fine-grid solution, which is the basis for generating the results 
presented in the article. Tab. 3 illustrates results of this calculation 
procedure for three selected grids.  

Tab. 3. Values of parameters in calculations of discretisation error 

Parameter 
Experiment 1 

𝒒 = 𝟕. 𝟖𝟎 kW/m2 

Experiment 2 

𝒒 = 𝟐𝟏. 𝟗𝟎 kW/m2 

     Experiment 3 

𝒒 = 𝟐𝟔. 𝟓𝟐 kW/m2 

N1 

N 2 

N 3 

7,573,690 
2,837,607 
1,251,945 

7,573,690 
2,837,607 
1,251,945 

7,573,690 
2,837,607 
1,251,945 

𝑟21 1.39 1.39 1.39 

𝑟32 1.31 1.31 1.31 

𝜙1 381.59 K 390.42 K 382.43 K 

𝜙2 381.69 K 390.77 K 382.30 K 

𝜙3 381.83 K 391.30 K 382.26 K 

p 1.4 2 2.9 

𝜙21
𝑒𝑥𝑡 381.40 K 390.04 K 382.51 K 

𝑒21 0.10% 0.30% 0.12% 

𝑒32 0.12% 0.44% 0.03% 

𝑒21
𝑒𝑥𝑡  0.17% 0.32% 0.07% 

𝐺𝐶𝐼21 0.21% 0.40% 0.09% 
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 Eq. (14) is interpreted as an uncertainty estimate of discretisa-
tion error [39], whereas Eqs (15) and (21) express the value of the 
approximate relative error. For the calculation of a more conserva-
tive estimate uncertainty of the discretisation error, authors of 
Report INL/EXT-06-11789 TRN: US0800104 [40] suggest the 
following formula: 

𝛿 =
1

4
(𝑒21 + 𝑒32 + 𝑒21

𝑒𝑥𝑡 + 𝐺𝐶𝐼21)                                       (22) 

The confidence interval (at a confidence level (1 – α) * 100%, here 
α = 0.05) of the estimate of the discretisation error was defined as 
follows: 

(𝑚𝑎𝑥 (0, 𝛿 − 𝑠 𝑡𝛼/2), 𝛿 + 𝑠 𝑡𝛼/2)                                         (23) 

where s is the estimate of the standard deviation of all the values 

calculated from Eqs (14), (15) and (21), and 𝑡𝛼/2  is calculated 

from T-distribution. For α = 0.05 (confidence level is equal to 95%) 
and the T-distribution with 3 degrees of freedom, the value of the 

coverage factor 𝑡𝛼/2 is equal to 3.182. 

Values of parameters lead to obtain the confidence interval de-
fined by Eq. (23), as given in Tab. 4. 

Tab. 4. Values of parameters in calculations of the estimate  
   of the  numerical uncertainty  

Parameter 
 

Experiment  1 
𝒒 = 𝟕. 𝟖𝟎 kW/m2 

Experiment  2 
𝒒 = 𝟐𝟏. 𝟗𝟎 kW/m2 

Experiment 
3  𝒒 =

𝟐𝟔. 𝟓𝟐 kW/m2 

𝛿 0.0015 0.0037 0.0008 

𝑠 0.0005 0.0007 0.0003 

𝑠 𝑡𝛼/2 0.0016 0.0022 0.0011 

 
As can be seen from Tab. 4, expanded uncertainty (at the con-

fidence level of 95%) of the discretisation error for the three se-
lected grids in presented experiments varies from 0.19% to 0.59%. 

4. RESULTS 

The values of other experimental parameters used in the 
calculations along with their measurement errors are presented 
in Tabs. 2 and 5. 

Tab. 5. Values of experimental parameters  
            and their measurement errors  

Parameter 
Variation range 

of the parameter 

Experimental 
error 

Inlet pressure [kPa] 5.33–26.33 1.25 

Pressure drop [Pa] 20.25–108.17 3.75 

Inlet temperature [K] 352–362 
0.5 

 

Outlet temperature [K] 374–382 0.5 

Average inlet subcooling [K] 17.10 0.5 

Copper block temperature at 
the measuring points [K] 

TC1:382.03–391.10   
TC2:382.92–391.96 

TC3:382.89–391.45 

0.5 

Ambient temperature [K] 294 0.5 

Heat flux [kW/m2] 7.80–26.52 6% 

Mass flux [kg/m2s] 11–111.9 7.8% 

 Fig. 5 lists the values of the experimentally determined void 
fraction, its approximation with the logistic curve and the results 
obtained from the simulations performed in STAR-CCM+.  

 

 

Fig. 5. (a) Experimental void fraction obtained from calculations using  
the STAR-CCM+ program, (b) Void fraction approximation with 
the logistic curve; experimental data: heat flux q = 7.80 kW/m2 
and vave =  0.011 m/s, heat flux q = 26.52 kW/m2 and vave =  
0.023 m/s 

The maximum absolute differences (MAD) are calculated us-
ing the following formula: 

𝑀𝐴𝐷 = 𝑚𝑎𝑥|𝑓 − 𝑔|               (24) 

where f, g are functions.  
The MAD between the experimental void fraction and the void 

fraction calculated using the STAR-CCM+ program ranged from 
0.12 to 0.31, and the largest differences occurred for the smallest 
heat fluxes (q = 7.80 kW/(m2 K)) and in the middle part of the mini-
channel. The logistic curve approximates the void fraction very 
well, where the smallest coefficient of determination R2 was 0.95. 
There is an increase in the void fraction with the increase in the 
distance from the inlet to the mini-channel, with slightly higher 
values for the void fraction approximated by the logistic curve than 
that obtained from the CFD program. The MAD between the 
values of both functions (i.e. the logistic curve and the void frac-
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tion obtained by STAR-CCM+) do not exceed 0.34, and the larg-
est differences occur in the middle part of the mini-channel.  

Fig. 6 shows the temperature of the copper block measured in 
three points (marked in Fig. 1b) with the temperature distributions 
obtained by using the TM and STAR-CCM+.   

 

 
Fig. 6. Temperature of the copper block measured in three points and the 

temperature obtained by using the TM and STAR-CCM+ program; 
experimental data: (a) heat flux q = 7.80 kW/m2,  
(b) heat flux q = 21.90 kW/m2  

To compare the measured and computed temperatures of the 
copper block, the maximum average relative difference (MARD) 
calculated from the formula are used: 

MARD = max (
‖𝑓−𝑔‖

‖𝑓‖
,

‖𝑓−𝑔‖

‖𝑔‖
)            (25) 

where ‖ ‖ denoted L 2 norm. 
The MARD and MAD for considered results are presented in 

Tab. 6.  
Fig. 7 shows the course of water temperature variability along 

the flow axis obtained by the TM and numerical simulations per-
formed in STAR-CCM+ for various heat fluxes. The water temper-
ature for both numerical approaches has similar values; the MAD 
between the results range from 5.33 K to 9.17 K (the largest dif-
ference is for heat flux q = 21.90 kW/m2). The MARD do not ex-
ceed 1%. 

 

Tab. 6. MARD and MAD values. 

Compared results MARD [%] MAD [K] 

The cooper block temperature 
measurements and results 
obtained by STAR-CCM+ 

0.14–0.26 0.56–1.01 

The cooper block temperature 
measurements and results 

obtained by the TM 
0.03–0.22 0.1–0.86 

Temperature of the cooper 
block obtained by the TM and 

STAR-CCM+ 
0.09–0.33 0.89-–1.25 

 

Fig. 7. Water temperature distribution along the flow axis obtained by the 
TM and STAR-CCM+ program; experimental data: (a) heat flux q 
= 7.80 kW/m2 and vave = 0.011 m/s, (b) heat flux q = 21.90 
kW/m2 and vave= 0.011 m/s. TM, Trefftz method 

 
Fig. 8. Temperature distribution of fluid in three cross-sections  

perpendicular to the flow direction: (a) x = 0.02 m, (b) x = 0.08 m,  
(c) x = 0.16 m and heat flux q = 21.90 kW/m2 
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 Fig. 9. Heat transfer coefficient obtained by the TM and STAR-CCM+ 

program. Below the graph, there are photos of two-phase struc-
tures and phase contours for the distance from the beginning  
of the channel: (a) 0.04 m, (b) 0.1 m, (c) 0.16 m. TM, Trefftz 
method 

Fig. 8 shows temperature distributions in selected cross-
sections (x = 0.02 m, x = 0.08 m, x = 0.16 m) of the fluid flow in 
the mini-channel. Temperature fields are determined based on a 
model of a homogeneous two-phase mixture. The actual course of 
boiling deviates from this strong assumption, and clustered phase 
structures of liquid and vapour are observed. However, from the 
point of view of the averaged parameters, it is assumed that both 
approaches are equivalent. The model of a homogeneous two-
phase mixture allows a good reflection of the temperature field in 
the cross-section of the fluid flow, which is well correlated with the 
probability of the appearance of vapour bubbles in the real flow. 

The dependence of the heat transfer coefficient as a function 
of distance from the inlet to the mini-channel is shown in Fig. 9, 
with a visible decrease in the growing distance. It is the effect of 
the increasing void fraction in the mini-channel (Fig. 5). The heat 
transfer coefficient calculated using CFD software “quickly” de-
creases compared to the coefficient calculated using the TM. The 
greatest differences between the values of heat transfer coeffi-
cients can be noticed in the initial section of the mini-channel, with 
the average difference between them reaching 1.6 kW/(m2 K).The 
largest differences between the results are achieved for the lowest 
heat flux.  

The effectiveness of the adopted computational grid was ex-
amined and assessed using the grid convergence method (GCI). 
Calculations were carried out for three different grids, with the grid 
refinement factor >1.3. The values of the numerical uncertainty 

𝐺𝐶𝐼21 in the fine-grid solution range from 0.09% to 0.40% (see 
Tab.3). As can be seen from Tab. 4, expanded uncertainty (at a 
confidence level of 95%) of the discretisation error for the three 
selected grids in presented experiments does not exceed 0.6%. 

5.  CONCLUSIONS 

The article describes the study of saturated boiling during the 
flow of distilled water through an asymmetrically heated mini-
channel. 

The results of experiments were the basis for numerical calcu-
lations. To solve the heat transfer problem, two numerical ap-
proaches were used: one approach was based on the Trefftz 
functions and the other based on the Simcenter STAR-CCM+ 
program. Inverse heat transfer problem was solved using the TM, 
while a direct heat transfer problem was solved using the 
Simcenter STAR-CCM+ program. 

The following conclusions can be drawn from the experiments 
and the analysis of the results obtained using the TM and the 
simulation in CFD software: 
 The results of CFD simulations are consistent with the results 

obtained by using the TM and the results of the experiment. 
The obtained MAD are at a low level, which allows validation 
of the CFD model and the calculations by the TM. 

 In selected experiments presented in this article, the value of 
the heat transfer coefficient determined by using the TM is 
higher than the heat transfer coefficient obtained from CFD 
simulations. The most significant differences were observed 
near the mini-channel inlet, and the average difference did not 
exceed 1.6 kW/(m2 K). 

 Regardless of the method used for determining the heat trans-
fer coefficient, the coefficient decreased with the increase in 
the distance from the inlet to the mini-channel, which was ac-
companied by an increase in the void fraction local value. 
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 Expanded uncertainty (at a confidence level of 95%) of the 
discretisation error for three selected grids in the presented 
experiments does not exceed 0.6% 
The advantage of CFD software lies in the ability to obtain a 

solution in domains with complex shapes and comprehensive 
analysis of results with their visualisation. It is worth noting that 
STAR CCM+ software requires discretisation of the studied do-
main, which leads to some simplifications and inaccuracies. The 
TM can bypass this problem by solving differential equations in 
the whole domain without meshing, which helps avoid discretisa-
tion errors. Additionally, the TM enables flexible incorporation of 
boundary conditions to the error functional, thus leading to a 
better representation of real conditions. 

The planned experimental studies are aimed at time-
dependent and non-adiabatic flows in mini-channels and modifica-
tion of the two-dimensional model and the TM. It is also planned to 
use CFD software in research, which will allow reducing the exper-
imental part in favour of numerical simulations. However, it should 
be kept in mind that the results of numerical simulations should 
always be verified by the results of the experiment.  
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