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Abstract: This work introduces the theoretical method of metallic nanoparticles’ (NPs’) heat and mass transfer where the particles  
are coated on a surface (base), together with considering the case wherein nanoparticles move freely in a pipe. In order to simulate  
the heat transfer, energy and radiative transfer equations are adjusted to the considered issue. NPs’ properties are determined following 
the nanofluidic theories, whereas absorption and scattering coefficients are described using either Mie-Lorenz theory or Rayleigh-Drude 
approximation. Thermal boundary conditions are implemented based on the microscale heat transfer and Smoluchowski theory. Results 
are compared with the classical Fourier transport differential solutions that have been adjusted to laser irradiation. 
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1. INTRODUCTION 

Gold nanoparticles (NPs) commonly appeared inside the red-
stained glasses in gothic cathedrals during the medieval ages. At 
that time, however,  no one was aware of the dormant potential or 
the physical reason why these structures possessed a red color 
instead of a yellowish one. The reason for this phenomenon was 
discovered by Gustav Mie and Ludvig Lorenz, who proposed 
around the same time a theoretical explanation for the red-shifted 
gold properties, stating their theories on the Maxwell equations. 
Although those works appeared to be perfect for every spherical 
NP size, there was a problem to describe the interaction for other 
shapes, e.g. rods, cubes and triangles. However, it has been 
ascertained that for most shapes, an explicit formulation cannot 
be determined, and numerical methods should be considered  
[1–7]. 

On the other hand, the Rayleigh–Drude approximation is be-
ing commonly proposed for calculations of small NPs and gasses, 
regardless of working environment. As long as this theory is only 
approximation of the Mie–Lorenz one, and fails under condition 
𝑑 ≪ 𝜆, where 𝑑 is the nanoparticle diameter, and 𝜆 represents 
the incident wavelength, there are virtually no restrictions on the  
NP shape, regardless of its complicity. 

Both approaches, however, indicate that there exists at least 
one spectra peak wherein the absorption cross section is maxim-
ized. The maximum is searched at the local surface plasmon 
resonance phenomenon (LSPR) which treats each NP as a set of 
vibrations – plasmons. If the vibrations’ frequency is near the 
incident wavelength, NPs produce a collective single vibration 
that, in the absence of electrical or magnetic outlet, is capable 
only converting of the whole absorbed energy into heat. This 
potential was generally discerned generally a dozen years ago in 

inactivation bioprocesses, e.g. hyperthermia tumors, where tem-
perature increases locally, which minimizes the process invasive-
ness. 

Nevertheless, there is still a lack of theoretical models that 
may be utilized for such nanomaterials’ irradiation. Some of them 
require complex models that are usually based on DPM models, 
as has been discussed in [8–11]. This paper considers NPs as a 
heat source of converted energy. In the literature, such a case 
was proposed for thin films in the study of Bohren et al. [2,6,12], 
and now the model has been being developed scrupulously by 
authors in [13–15] for particles irradiation. The present research 
also highlights that the irradiation process may be automated in 
specific cases. Fig. 1. outlines the heat generation processes, 
which are responsible for the temperature increase, and which 
may be divided into two general parts – electromagnetic energy 
conversion into heat and heat transport into the material from 
NPs’ location. Therefore, the control input parameter here is the 
laser power that establishes principally the heat generation rate 
and provides the temperature increase. Subsequently, the tem-
perature increase due to the heat transfer model in a material can 
be stated as the output.  

Moreover, it has been emphasized that laser ablation in sim-
ple cases may be described and analyzed via classical Fourier 
heat transfer and its adequate differential solutions. Likewise, the 
considered model enables the determination of heat transfer 
between solids. Therefore, the main work’s purpose is to propose 
the heat flux model as a response for the applied laser power as a 
result of electromagnetic energy conversion into heat. Further-
more, the response is compared with the adapted-to-system 
temperature relationships that describe the unsteady heat transfer 
between a solid and metallic NPs or thin films. 
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Fig. 1. Process of heat transfer modelling for metallic NPs and thin metallic films 

2. LIGHT – PARTICLES INTERACTION  

2.1.  Heat transfer equations 

Light-matter interaction that includes all classical phenomena 
is generally described following Eqs. (1) – (4) using the radiative 
heat transfer approach [12,14,16]: 

1

𝑐

𝜕𝐼𝑜(𝑟,𝛺,𝑡)

𝜕𝑡
+ div (𝐼𝑜(𝑟, 𝛺, 𝑡) · 𝑆(𝛺)) +  

+ (𝜎absh
+ 𝜎scap

+ 𝜎absp
) · 𝐼𝑜(𝑟, 𝛺, 𝑡) =  

= 𝜎absh
· mh

2 ·
𝜎𝑆𝐵·𝑇4

4𝜋
+ 𝐸p +  

+
𝜎scap

4𝜋
∫ (𝐼𝑜(𝑟, 𝛺, 𝑡) · 𝛷 (𝑆(𝛺))) 𝑑𝛺

4𝜋

0
   

 
(1) 

𝜎absp
= 𝜉 · ∑ (𝐶ext𝑖

− 𝐶sca𝑖
)𝑁

𝑖   (2) 

𝜎scap
= 𝜉 · ∑ (𝐶sca𝑖

)𝑁
𝑖   (3) 

𝐸p = 𝜉 · ∑ 𝜖𝑖 · 𝐴𝑖
𝑁
𝑖 ·

𝜎𝑆𝐵·𝑇4

4π
  (4) 

where: c – speed of light in vacuum (m · s−1), Io(r, Ω, t) – spa-

tial profile of light incident intensity (W · m−2), t – time (s), S⃗⃗(Ω) 

–  oriented surface (m2), Ω – angle of orientation (rad),  σabsh
 – 

absorption coefficient of the surrounding medium (m−1), σscap
 – 

scattering coefficient of particles (m−1), σabsp
 – absorption coef-

ficient of particles (m−1), mh – refractive index of the surrounding 

medium ( - ) , σSB –  Stefan-Boltzmann constant (W · m−2 ·
K−4), T – temperature (K), Ep – emissivity coefficient of particles 

due to black-body radiation (W · m−3), Cexti
 – extinction cross 

section of the i-particle (m2), Cscai
 – scattered cross section of 

the i-particle (m2), ξ – nanoparticles concentration (m−3), ϵi – 
emissivity of the i-particle ( - ), Ai – projected area of the i-particle 

(m2), ∑ −N
i  sum of particle from i = 1 to i = N. 

In case of temperature changes, the energy balance equation 
would be applied, treating particles as inclusions in fluid or at a 
solid boundary, basing on the literature, described by Eqs. (5) – 
(7) [12,14,15,17–19]:  

𝜕

𝜕𝑡
((𝛼p · 𝜌 · 𝑒)) + div (𝛼p · 𝜌 · 𝑒𝑣⃗ + 𝛼p · 𝑝𝑣⃗) =  

= 𝑑𝑖𝑣 (𝑘𝑒𝑓𝑓 · 𝑔𝑟𝑎𝑑(𝑇)  + ((𝑔𝑟𝑎𝑑 (𝑋†⃗⃗⃗⃗⃗⃗ ) − 𝜇𝐼𝑑 𝐼⃡ + 2𝜇𝑑) · 𝑣⃗))  

−𝑔𝑒−− 𝑝ℎ · (𝑇 − 𝑇𝑝ℎ) + 𝑆𝑓 + 𝑆𝑖
𝑝

               (5) 

+ ∑ 𝛩𝑖
𝑝−𝑓

𝑖 + ∑ 𝛩𝑖
𝑝−𝑝

𝑖 + 𝑄𝑖𝑛    
  

𝑆𝑖
𝑝

= ∑ 𝜎𝑎𝑏𝑠𝑝 · 𝐼𝑎𝑏𝑠𝑖

𝑁
𝑖 = 𝜉 · (1 − 𝑒𝑥𝑝(−𝜎𝑎𝑏𝑠ℎ · 𝑙𝑓)) ·  

· (1 − (
(𝑚𝑝−𝑚ℎ)

2
+(𝑚𝑝̃−𝑚ℎ̃)

2

(𝑚𝑝+𝑚ℎ)
2

+(𝑚𝑝̃+𝑚ℎ̃)
2)) ·  

· ∑ (𝐶𝑒𝑥𝑡𝑖 − 𝐶𝑠𝑐𝑎𝑖)𝑁
𝑖 · 𝐼𝑜(𝑟, 𝛺, 𝑡) ·  

· (1 − (
(𝑚ℎ−𝑚𝑎)2+𝑚ℎ̃

2

(𝑚ℎ+𝑚𝑎)2+𝑚ℎ̃
2)) ·  

· (1 − 𝑒𝑥𝑝(−𝜉 · (𝐶𝑒𝑥𝑡𝑖 − 𝐶𝑠𝑐𝑎𝑖) · 𝑙𝑖))  

 
 
 
 

(6) 
 
 

𝑆f = 𝜎absh
· 𝐼absh

= 𝜎absh
· 𝐼o(𝑟, 𝑡) ·  

· (1 − (
(mh−ma)2+mh̃

2

(mh+ma)2+mh̃
2))   

· (1 − exp(−𝜎absh
· 𝑙f))  

 
    (7) 

 
 

 

where: αp – volume of particles’ occupation in fluid ( - ), ρ – den-

sity of a material (kg · m−3), e – specific energy (J ·  kg−1), v⃗⃗ – 

velocity of the fluid (m · s−1), p – pressure (Pa), keff – effective 

thermal conductivity coefficient (W · m−1 · K−1), X†⃗⃗ ⃗⃗⃗ – diffusive 

momentum flux (kg · m · s−2), μ – molecular viscosity (kg ·

m−1 · s−1), Id⃡⃗ – first invariant of the strain rate (s−1), I⃡ – unit 

tensor ( - ), d⃡ – symmetric rate of deformation (s−1), ge−−ph – 

electron-phonon coupling for nanoparticles (W · m−3 · K−1), Tph 

– temperature of crystal lattice (phonon heat) (K), Sf – source of 

energy for fluids (W · m−3), Si
p

 – source of energy for the i-

particle (W · m−3), Θi
p−f – heat exchange between the i-particle 

and fluid (W · m−3), Θi
p−p – heat exchange between particles 

(W · m−3), Qin – internal source of energy, e.g. as a result of the 

magnetic field presence (W · m−3), Iabsi
 – absorbed part of the 

i-particle (W · m−2), lf – path’s length that light passes through 
fluid (m), mp – real part of the refractive index of particle’s mate-

rial ( - ), mp̃ – imaginary part of the refractive index of particle’s 

material ( - ), mh̃ – imaginary part of the refractive index of the 

surrounding medium ( - ), ma  – refractive index of air ( - ), li – 

path’s length that light passes through the i-particle (m),  Iabsh
 – 

absorbed part of the surrounding medium (W · m−2). 
Eqs. (6) and (7) were previously examined for metallic thin 

films [15,17]. In the present study they are adapted to the consid-
ered system containing particles. For metallic thin films, specific 
heat capacity and thermal conductivity are ruled by the heat ex-
change between electron and crystal lattice interaction regardless 
of the incident intensity [12,17]. In case of particles as well, this 

coupling, i.e. ge−−ph, exists as well, however, is much stronger, 

which reduces the temperature increase [20,21]. 
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Nonetheless, many other problems, pertaining to the NPs’ ori-
entation and strain deformation, appear, which cannot be solved 
accurately. The first one refers to the thermal conductivity that 
may be treated following many approaches. The most crucial 
issue here, however, is to include a size and a shape dependence 
that diminish the thermal conductivity value significantly. For the 
NP that is of a noble metal, the proceeding may follow Eq. (8) 
[22–25]: 

𝑘effp,𝑖
=

𝜌p,𝑖·𝑐p,p,𝑖·𝑣⃗⃗F·Λo

3
·

Λp,𝑖

Λo
= 𝑘o ·

1

1+Kn
  (8) 

where: 𝑘effp,𝑖
 – thermal conductivity coefficient of the 𝑖-particle 

(W · m−1 · K−1), 𝜌p,𝑖 – density of the 𝑖-particle (kg · m−3), 

𝑐p,p,𝑖 – specific heat capacity of the 𝑖-particle (J ·  kg−1 ·  K−1), 

𝑣⃗F – Fermi velocity (m ·  s−1), Λo – mean free path of an elec-

tron for a bulk metal (m), Λp,𝑖 – mean free path (particle size) of 

an electron for the 𝑖-particle (m), 𝑘o – thermal conductivity coeffi-

cient of a pure metal (W · m−1 · K−1), Kn – Knudsen number (-). 
Other issues, which are related to the fluid flow, are discussed 

in the forthcoming subsections. 

2.2. Cross sections 

The most paramount parameters, which are worth a deeper 
investigation, are NPs’ concentration, 𝜉, and cross sections. 

Nanoparticles concentration, 𝜉, which is defined as the number of 
NPs in a selected volume, is not a separated parameter, and 
indicates the interaction rate between single NPs. Its relationship 
with cross sections is dependent on the applied theory. This topic 
was discussed in Gouesbet’s study [4,26]. The issue stays the 
number of nanoparticles concentration at which the interaction 
starts to be significant, and so far there has been no precise 
value.   

Scattering and extinction cross-section, however, are well-
known and may be calculated differently depending on the con-
sidered theory. The Mie–Lorenz one presents them as for spheres 
[2,5,6,12] following Eqs. (9) and (10): 

𝐶ext𝑖
= ∑

𝜆2

2𝜋
∑ (2𝑗 + 1) · 𝕣𝕖(a𝑗,𝑖 + b𝑗,𝑖) ∞

𝑗=1
𝑁
𝑖   (9) 

𝐶sca𝑖
= ∑

𝜆2

2𝜋
∑ (2𝑗 + 1) · (|a𝑗,𝑖|

2
+ |b𝑗,𝑖|

2
)∞

𝑗=1
𝑁
𝑖   (10) 

where: 𝜆 – Incident wavelength (m), 𝑗 – selected rank of Mie 

coefficients’ accuracy, a𝑗,𝑖 – first Mie coefficient ( - ), b𝑗,𝑖 – second 

Mie coefficient ( - ), 𝑁 – number of nanoparticles. 
Meanwhile, the Rayleigh–Drude approximation yields Eqs. 

(11) – (13) [1,6]: 

𝐶ext𝑖
= 4𝜋 · (

2𝜋

𝜆
) · 𝕚𝕞(𝛼𝑖)  (11) 

𝐶sca𝑖
=

8𝜋

3
· (

2𝜋

𝜆
)

4

· |𝛼𝑖|
2  (12) 

𝛼𝑖 =
3𝑉𝑖

4𝜋
·

(𝜀p+𝕀·𝜀p̃)−(𝜀ℎ+𝕀·𝜀h̃)

(𝜀p+𝕀·𝜀p̃)+2·(𝜀ℎ+𝕀·𝜀h̃)
  (13) 

where: 𝛼𝑖 – polarizability of the 𝑖-particle (m3), 𝑉𝑖 – volume of the 
𝑖-particle (m3), 𝜀p – real part of the permittivity of the considered 

metal ( - ), 𝜀p̃ – imaginary part of the permittivity of the considered 

metal ( - ), 𝜀ℎ – real part of the permittivity of the host medium ( - 

), 𝜀h̃ – Imaginary part of the permittivity of the host medium ( - ). 

It is generally alleged that, for several reasons, the second 
approach is more amicable compared to the Mie-Lorenz theory. 
Firstly, the Rayleigh-Drude approximation introduces simple and 
distinguishable formulas depending on the mean distance be-
tween NPs. It has been presented in particular in Bohren and 
Huffman [6], van de Hulst [2], Siegel and Howell [12] and Voltz 
[26]. On the other hand, both the Mie-Lorenz and the Rayleigh-
Drude approaches may be introduced via the particle’s polarizabil-
ity whose methodology involve to calculate one formula for each 
shape.  

The relationship, however, is usually very tangled for non-
spherical particles. Nonetheless, the simplest shapes, spherical 
and ellipsoidal ones, are well-known for both approaches, and 
they enable the number of shapes to be expanded with needle 
(stretched to infinity) and disk (flattened-to-zero thickness) struc-

tures at the mathematical limits of a depolarization factor, Л𝑖. 
Then, for the particle oriented along the 𝑖̂-axis [2,6,12,13], polar-
izability is presented by Eq. (14): 

𝛼𝑖,𝑖̂ =
𝑉𝑖

4𝜋
· (Л𝑖 + (

(𝜀p+𝕀·𝜀p̃)

(𝜀h+𝕀·𝜀h̃)
− 1)

−1

)

−1

  (14) 

For prolate (stretched) structures, Eqs. (15) and (16) are gov-
erned: 

Л𝑖,𝑖̂
str =

1−𝜙𝑖,s
2

𝜙𝑖,s
2 ·  

(
1

2·𝜙𝑖,str
· ln (

1+𝜙𝑖,str

1−𝜙𝑖,str
) − 1)  

 

(15) 

𝜙𝑖,str = √1 − (
𝑑𝑠𝑖

𝑑𝑙𝑖

)
2

  (16) 

whereas for oblate (flattened) ones, Eqs. (17) and (18) yields: 

Л𝑖,𝑖̂
fl =

1+𝜙𝑖,fl
2

𝜙𝑖,fl
2 · (1 −

1

𝜙𝑖,fl
· tan−1 𝜙𝑖,fl)  (17) 

𝜙𝑖,fl = √(
𝑑𝑙𝑖

𝑑𝑠𝑖

)
2

− 1  (18) 

where: 𝑑𝑙𝑖
 – longer diameter of the 𝑖-nanoparticle (m), 𝑑𝑠𝑖

 – 

shorter diameter of the 𝑖-nanoparticle (m). 
Some other shapes have been explored using numerical 

methods, yielding near-accurate results. A 5% approximation was 
proposed by Kang et al. [27], where it is possible to implement 
any arbitrary shape, albeit it requires the use of complex hyperge-
ometric mathematical functions. The majority of presented struc-
tures are also capable of the “coating” process, which presents an 
opportunity to investigate another group of hybrid materials or 
surfactants that are unreacted or attached to a NP’s surface com-
pounds. The topic has been detailed in many studies in the litera-
ture [2,6,13,28]. 

3. NANOPARTICLES COATED ON A SURFACE 

Deposited NPs that are present freely on a surface, or those 
embedded ones inside a material, seem to be relatively simple, 
and all nanoparticles may be assumed as stable and non-moving 
granules at a wall. It should be taken into account, however, that 
there exist a few issues worth investigating. Firstly, when the 
prolate or oblate structures are considered, the biggest part of 
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NPs are oriented in one direction owing to gravity and electrostatic 
forces. Therefore, the particle’s polarizability would be discussed 
for the one oriented axis. 

Another relevant problem is that the LSPR phenomenon im-
plies changing of the light-particle-base interaction. For smooth, 
polished non-charged materials, such as glasses, it is commonly 
assumed that the change exists only at the refractive index of the 
host medium that is defined as (Eq. (19)): 

𝑚ℎ𝑠𝑢𝑟
=

𝑚ℎ+𝑚𝑏𝑎𝑠𝑒

2
   (19) 

where: mbase – refractive index of the base material on which 
particles are coated. 

If the wall is a charged surface, interaction may be calculated 
treating NPs and surface as a crib structure at which legs are the 
NPs and the manger is a base material. Noticeably, the crib be-
comes a thin film if its thickness is very high and NPs’ presence 
are negligible. Nonetheless, this topic requires sophisticated 
mathematics and is beyond the considered subject in this work. 
Some more sophisticated elements have been introduced by 
Royer et al.[29,30], where the interaction is developed with the 
NPs’ distance. 

Furthermore, it has been discovered in the course of research 

that the heat interaction between particles and fluid, 𝛩𝑖
p−f, cannot 

be treated separately. Among models that perceive the interaction 
as nanofluids or are based on property’s slips, the Smoluchowski 
model [15,31,32] defines the temperature jump at the body 
boundaries as a result of conductivity discontinuity. In the case of 
a fluid containing metallic nanoparticles, this model is extremely 

major owing to the ranges (for noble metals 𝑘~400 W · m−1 ·
K−1, for fluids 𝑘~0.4 W · m−1 · K−1). For particles, the Smolu-
chowski model follows the energy equation, described by Eq. (20): 

𝜕

𝜕𝑡
(𝜌p,𝑖 · (𝑐p,p,𝑖 · 𝑇p +

𝑣⃗⃗p,𝑖
2

2
)) +  

+div (𝜌p,𝑖 · (𝑐p,p,𝑖 · 𝑇p +
𝑣⃗⃗p,𝑖

2

2
) · 𝐼⃡p · 𝑣⃗p,𝑖) +  

+div (𝑘effp,𝑖
· grad(𝑇p)) + 

+𝑙T
f · (𝑇𝑆

f − 𝑇𝑆) − 𝑙T
p

· (𝑇𝑆
p

− 𝑇𝑆) + 

+ 𝛼𝑑
f · (𝑇f − 𝑇𝑆

f) − 𝛼𝑑,𝑖
p · (𝑇p

𝑖 − 𝑇𝑆
p

) + 

+(𝑞⃗f − 𝑞⃗p) ⋅ 𝑛⃗⃗ + (𝐹⃗𝑚
f × 𝑣⃗slip

f − 𝐹⃗𝑚
p

× 𝑣⃗slip
p

) ⋅ 𝑛⃗⃗ 

= 𝑆f + 𝑆𝑖
p

+ 𝑄in − 𝑔𝑒−−𝑝ℎ · (𝑇 − 𝑇𝑝ℎ)    

 
 
 
  
(20) 
 
 
 
 
 

in which: 𝑇p – temperature of particles (K), 𝑣⃗p,𝑖 – velocity of the 𝑖-

particle (m · s−1), 𝐼⃡p – idemfactor in reference to particles ( - ),  

𝑙T
f  – discontinuity at the boundary from fluid side, 𝑇𝑆

f – tempera-
ture at the boundary from fluid side (K), 𝑇𝑆 – Smoluchowski tem-

perature jump (K),  𝛼𝑑
f – thermal diffusivity of the considered fluid 

(m2 ·  s−1), 𝑇f – temperature of fluid (K), 𝛼𝑑,𝑖
p – thermal diffu-

sivity of the 𝑖-particle (m2 ·  s−1), 𝑇p
𝑖 – temperature of particles 

(K), 𝑇𝑆
p

 – temperature at the boundary from particle side (K), 𝑞⃗f – 

Fourier heat flux of fluid (W · m−2), 𝑞⃗p – Fourier heat flux of the 

particles (W · m−2), 𝑛⃗⃗ – normal vector of the boundary layer ( - ), 

𝐹⃗𝑚
f  – mechanical forces of the fluid (kg · m · s−2), 𝑣⃗slip

f  – velocity 

slip at fluid boundary (m · s−1), 𝐹⃗𝑚
p

 – mechanical forces of the 

particles (kg · m · s−2), 𝑣⃗slip
p

 – velocity slip at particle boundary 

(m · s−1). 

The similar approach can be adopted in case of fluids. On the 
other hand, the Smoluchowski approach seems to be an applica-
ble model in case particles melt locally. The problem, however, 
occurs at the light–particle interaction. Due to the fact the size and 
shape decreases, the absorption cross section becomes a func-
tion of time, which is not a trivial problem in reference to determi-
nation of its form. Moreover, virtually all material properties under-
go changes, and the electron-phonon coupling undergoes severe 
changes. 

4. NUMERICAL RESULTS AND HEAT TRANSFER THEORIES 

Solving heat differential solutions is not a trivial issue and of-
ten requires utilizing numerical methods. Such a situation appears 
to be applicable to the Smoluchowski theory owing to its complici-
ty. Nevertheless, if only solids are studied, the problem is short-
ened to the classical Fourier flux systems that have been well-
known in the [15,33–35]. 

The approach is general and offers the solutions for various 
boundary conditions, and may be adjusted for the irradiated NPs 
simply. The semi-infinite solid system assumes that the metallic 
NPs are kept under adiabatic condition (𝑞̇ = 0), and Eqs. (21) 
and (22) [34–36] offer: 

𝑇(𝑥, 𝑡) = ∑ 𝐼abs𝑖

𝑁
𝑖 ·

√4·𝑡·𝛼𝑑

𝜆
· ierfc (

𝑥

√4·𝑡·𝛼𝑑
)  (21) 

ierfc(𝛹) =
1

√𝜋
· exp(−𝛹2) −  

−𝛹 ·
2

𝜋
· ∫ exp(−𝜓2)𝑑𝜓

𝛹

0
  

(22) 
where: 𝑥 – the dimension inside the material (m), 𝛼𝑑  – thermal 

diffusivity, 𝛹 – parameter describing heat flow rate ( - ), 𝜓 – 
selected mathematical variable ( - ). 

Eq. (21), however, should be adjusted for a finite thickness of 

a material (or distance from a wall), 𝛿, in accordance with the 
specification in Eq. (23): 

𝑇(𝑥, 𝑡) = 𝑇𝑜 + ∑ 𝐼abs𝑖
·

√4·𝑡·𝛼𝑑

𝜆

𝑁
𝑖 ·  

(∑ (ierfc (
(2𝕜+1)·𝛿−𝑥

√4·𝑡·𝛼𝑑
))

𝕜∞
𝕜=0 +

∑ (ierfc (
(2𝕜+1)·𝛿+𝑥

√4·𝑡·𝛼𝑑
))

𝕜∞
𝕜=0 )   

 
 

          (23) 
 

 

where: 𝛿 – thickness of the considered material (m), 𝕜 – selected 

rank of the heat transfer accuracy, 𝕜∞ – rank of the heat transfer, 
here: 500 ( - ). 

For the perfect case where only one wall is under a heat flux, 
the formula would be easily simplified to [33,34] Eq. (24): 

𝑇(𝑥, 𝑡)~ exp(−𝜓 · 𝑡)                (24) 

For Dirichlet boundary conditions (𝑇𝑤 = 𝑐𝑜𝑛𝑠𝑡), however, 
temperature increase changes the relationship, yielding Eq. (25): 

𝑇(𝑥, 𝑡) = 𝑇𝑜 + ∑ 𝐼abs𝑖
·

√4·𝑡·𝛼𝑑

𝜆

𝑁
𝑖 ·  

· (∑ (−1)𝕜 · (ierfc (
(2𝕜+1)·𝛿−𝑥

√4·𝑡·𝛼𝑑
) −

𝕜∞
𝕜=0

ierfc (
(2𝕜+1)·𝛿+𝑥

√4·𝑡·𝛼𝑑
)))   

 
 

          (25) 
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where, if every wall is kept under the same outer 𝑇𝑤, the relation-
ship might be reduced to Eq. (26) [34,36]:  

𝑇(𝑥, 𝑡)~ ln(𝜓 · 𝑡) (26) 

The abovementioned formulas may easily be extended into 
pulse lasers where heat flux becomes a specified function of time. 
For metallic NPs, this value refers to the absorbed part of irradia-
tion as long as the NPs do not vary their orientation and are not 
melted locally [17,34,37]. Although the approach offers a simple 
relationship and allows estimation of temperature after infinite 
time, it is dedicated for short-pulse lasers – on the contrary for the 
continuous ones that do not reach this maximum temperature. It 
should be emphasized, however, that the comparison appears to 
correspond to the majority of simple experimental systems. 

 

Fig. 2. Scheme of the considered system and applied boundary  
conditions from [15] 

Hence, the temporal results are adopted from the authors’ ar-
ticle [15], and demonstrated with the abovementioned tempera-
ture relationship due to the fact that the Smoluchowski equation, 
Eq. (20), is reduced then to the standard energy equation. Fig. 2 
repeats the geometry that was utilized in the Radomski et al. [15], 
whereas Fig. 3 presents the calculated heat generation value 
(source input). Likewise, Tab. 1, outlines the applied material 
properties from [15]. Particles, whose diameter is assumed to be 
15 nm, are irradiated by a 532-nm laser with the output power  
0.8 W. The heat generation rate is calculated analytically using 

Mie–Lorentz theory. Boundary conditions are supported with the 

Dirichlet (𝑇𝑤 = 𝑐𝑜𝑛𝑠𝑡) and Neumann approaches using a sec-
ond-order upwind scheme and the timestep equaled 2 ms. Pro-
cess of heating was repeated from Fig. 1. Obtained isotherms are 
highlighted in Figs. 4 whereas output results (points) and the 
abovementioned relationships (straight curves) are provided in 
Figs. 5. 

The obtained results suggest that the approach corresponds 
satisfactorily with numerical results. The mismatch might be ex-
plained by the complexity of the second approach in the formula 
and the numerical methods’ error.  

Source Output 

 
Fig. 3. Time course of the calculated heat generation rate 

Considering isotherms, it may be noticed in relation to spheri-

cal temperature distributions where 𝑥 tends to infinity, which is 
typical in classical heat transfer solutions, whereas squared 
shapes appear as a result of heat transfer of gold plate into the 
isotropic solid. Temperature values depends strongly on thermal 
diffusivity and heat transfer between gold NPs and the considered 
base, which indicates that the base’s thermal properties should 
possess lower thermal conductivity in order to maximize tempera-
ture, although heat transfer would be more sluggish.  

In fluids, however, convection starts to do the lion’s share and 
strongly affects temperature increase. At that situation, tempera-
ture relationships become much more tangled to derive and gen-
erally numerical methods are indicated to be applied.     

Tab. 1. Rewritten material parameters from [15] for the theoretical confrontation  

Parameter PDMS PC PMMA Silica glass Soda-lime glass Borosilicate glass 

Density, 𝝆  965.0 1,198.0 1,184.9 2,200.0 2,464.9 2,124.9 

Specific heat capacity, 𝒄𝒑  1,460.0 1,199.0 1,456.4 840.0 898.6 779.7 

Thermal conductivity, 𝒌  0.1500 0.2051 0.1912 0.2800 0.1007 1.1489 

 
5. NANOPARTICLES IN A PIPE  

Free moving NPs incorporated in a fluidic pipe can be treated 
as a typical phase, e.g. with a mixture or DDPM model regardless 
of whether the fluid is a gas or liquid. Heat generation may then 
be ruled based on the Eqs. (6), (7), (9), (20) and (21), and refrac-
tive index from Eq. (19) which is governed only near pipe walls 

and in most cases might be omitted. Likewise, appropriate bound-
ary conditions in reference to microchannels and heat transfer 
coefficients should be considered. Nevertheless, effective thermal 

conductivity coefficient, 𝑘eff, should be modeled based on 
nanofluids for heterogeneous materials. The topic has been con-
sidered in the literature that pertains to selected materials 

[8,12,38–42]. Since particles are not arranged, 𝑘eff follows Eq. 
(27) [22]: 
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𝑘eff = 𝑘f · (
𝑘effp,𝑖

𝑘f

)

𝜑

 (27) 

in which: 𝑘f – thermal conductivity coefficient of fluid (W · m−1 ·
K−1), 𝜑 – fraction of occupied particles in fluid ( - ). 

Effective thermal conductivity is realized to be strongly de-
pendent on the occupation fraction of NPs, such as in the Kumar’s 
et al. studies [8,11], and, considering single-phase approach, it 
may reach even  10 W · m−1 · K−1 for 𝜑 = 0.4. 

In case of forced convection, however, 𝐹⃗𝑚
f  and 𝐹⃗𝑚

p
 are gov-

erned by drag forces and they are responsible for particles’ rota-
tion. For spherical NPs, the drag coefficient was described by 
Dennis et al. [43], and Morsi et al. [44], and is governed by 
Stokes–Cunningham drag law, whereas for non-spherical struc-

tures the topic was discussed in particular by Haider and Leven-
spiel [45]. 

However, heat generation becomes much more difficult to es-
timate for non-spherical particles that are characterized by the full 
symmetry. For prolate/oblate structures as long as particles are 
attached to the ground, Eq. (15) or (17) is preserved. At the critical 
point when particles start to be swept away from the base materi-
al, the particles’ polarizability ceases to be oriented, changing 
light–particle interaction into the randomly distributed particles, 
governed by Eq. (28): 

𝛼𝑖 =
𝛼𝑖,𝑖̂+𝛼𝑖,𝑗̂+𝛼𝑖,𝑘̂

3
  (28) 

where: 𝑖̂, 𝑗̂, 𝑘̂ – rectangular coordinates’ axes, and 𝑖̂ is the orient-
ed one. 

 
PDMS PC 

  
PMMA SILICA GLASS 

  
SODA-LIME GLASS BOROSILICATE GLASS 

  
Fig. 4. Isotherms of laser-irradiated materials after 120 seconds using numerical results from [15] 
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Output 

 
Fig. 5. Temperature time response for the utilized heat generation rate 

using numerical results (color points) from [15]  
and the (23)-and-(25)-based relationship (straight curves) 

Eq. (15) or (17) is continued if particles stop rotating and every 
streamline is parallel along the great diameter, which occurs at 
high speed flows and at a high Reynolds number, however, shear 
stresses do the lion’s share and it should be assumed that they do 
not affect the particle’s shape during its movement. 

The problem disappears while the NPs are substituted with a 
continuous thin film. Although its discretization requires to omit 
many multiscale issues, treating the material as a slab this prob-
lem can be reduced, and only appropriately determination of the 
heat transfer coefficient and the heat flux rate is needed. 

Moreover, for high speed flows, particles are exposed to high 
shear stresses. This situation is much further complicated if a pipe 
is highly curved. In that case, NPs’ heat generation rate should be 
governed by the full Mie theory including particle orientation 
[6,46]. Shear stresses may be modeled based on condensation 
phenomena between liquid and solid or liquid and gas [47,48]. 
Nevertheless, a Smoluchowski temperature jump might still be 
applied, investigating microscale heat transfer between fluid and 
particles. 

6. SUMMARY  

The present research involves conducting an investigation  
of ascertaining which parameters are crucial to the simulation of 
heat transfer of the radiated particles, and discovering that it is a 
complex issue. On the one hand, both interactions between  
particles and fluid and particles themselves should be considered, 
which is also not trivial. For instance, heat generation rate is 
dependent on many different factors that become highly tangled. 
Nevertheless, the Rayleigh-Drude approximation provides con-
cisely the particles-particles interaction that may be modeled and 
implemented easily. However, there is a conflict with regard to the 
NP’s size between the Mie–Lorenz theory, which is only relatively 
simple for spheres, and the Rayleigh–Drude approximation, which 
enables modeling any NP’s shapes, although it fails when NP’s 
diameter is similar to the incident wavelength. Mie theory is sug-
gested to support the spherical and coated spheres, whereas for 
more complicated shapes the Rayleigh-Drude approximation can 
be preferred. 

Moreover, fluid-particles interaction is still being studied at 
present and there is no one, general theory that may be per-
formed to describe heat transport due to different material phe-
nomena. Nonetheless, Smoluchowski theory is highly recom-
mended for any particles-contained system due to its versatile 
legitimacy, starting from a high difference of thermal conductivity 

between particles and fluids and extending up to fluid–particles 
interaction, which includes boundary phenomena, velocity slips 
and materials melting. This theory is subjected to the considered 
system, providing the results’ accuracy and a scientific framework 
under which both the theory and the model would be studied. 

NOMENCLATURE 

Roman letters: 

𝐴𝑖 – Projected area of the 𝑖-particle (m2) 

𝑎𝑗,𝑖 – First Mie coefficient ( - ) 

𝑏𝑗,𝑖 – Second Mie coefficient ( - ) 

𝐶𝑒𝑥𝑡𝑖 – Extinction cross section of the 𝑖-particle (m2) 

𝐶𝑝,𝑝,𝑖 – Heat capacity of the 𝑖-particle (J ·  K−1)  

𝐶𝑠𝑐𝑎𝑖 – Scattered cross section of the 𝑖-particle (m2) 

𝑐 – Speed of light in vacuum (m · s−1) 

𝑐𝑝 – Specific heat capacity of a material (J ·  kg−1 ·  K−1)  

𝑐𝑝,𝑝,𝑖 
– Specific heat capacity of the 𝑖-particle 

(J ·  kg−1 ·  K−1) 

𝑑 – Symmetric rate of deformation (s−1) 

𝑑𝑙 𝑖 – Longer diameter of the 𝑖-nanoparticle (m) 

𝑑𝑠𝑖 – Shorter diameter of the 𝑖-nanoparticle (m) 

𝐸𝑝 
– Emissivity coefficient of the 𝑖-particle due to black-body 

radiation (W · m−3) 

𝑒 – Specific energy (J ·  kg−1) 

𝐹⃗𝑚
𝑓

 – Mechanical forces of the fluid (kg · m · s−2) 

𝐹⃗𝑚
𝑝

 – Mechanical forces of the particles (kg · m · s−2) 

𝑔𝑒−−𝑝ℎ 
– Electron-phonon coupling for nanoparticles  

(W · m−3 · K−1) 

𝐼𝑜(𝑟, 𝛺, 𝑡) – Spatial profile of light incident intensity (W · m−2) 

𝐼𝑎𝑏𝑠ℎ
 

– Absorbed part of the surrounding medium  

(W · m−2) 

𝐼𝑎𝑏𝑠𝑖
 – Absorbed part of the 𝑖-particle (W · m−2) 

𝐼𝑑  – First invariant of the strain rate (s−1) 

𝐼⃡ – Unit tensor ( - ) 

𝐼⃡𝑝 – Idemfactor in reference to particles ( - ) 

𝑖,̂ 𝑗̂, 𝑘̂ – rectangular coordinates’ axes 

𝑗 – Selected rank of Mie coefficients’ accuracy 

𝐾𝑛 – Knudsen number ( - ) 

𝕜 – Selected rank of the heat transfer accuracy 

𝑘 – Thermal conductivity coefficient (W · m−1 · K−1) 
𝕜∞ – Rank of the heat transfer, here: 500 ( - ) 

𝑘𝑜  
– Thermal conductivity coefficient of a pure metal  

(W · m−1 · K−1) 

𝑘𝑒𝑓𝑓  
– Effective thermal conductivity coefficient  

(W · m−1 · K−1) 

𝑘𝑓  
– Thermal conductivity coefficient of fluid  

(W · m−1 · K−1) 

𝑘𝑒𝑓𝑓𝑝,𝑖
 

– Thermal conductivity coefficient of the 𝑖-particle  

(W · m−1 · K−1) 

𝑙𝑓 – Path’s length that light passes through fluid (m) 

𝑙𝑖 
– Path’s length that light passes through the 𝑖-particle 

(m) 

𝑙𝑇
𝑓

 – Discontinuity at the boundary from fluid side (m) 

𝑙𝑇
𝑝

 – Discontinuity at the boundary from particle side (m) 

𝑚𝑎 – Refractive index of air ( - ) 

𝑚ℎ 
– Real part of refractive index of the surrounding medium 

( - ) 

𝑚𝑝 
– Real part of the refractive index of particle’s material  

( - ) 

𝑚ℎ̃ 
– Imaginary part of the refractive index of the surround-

ing medium ( - ) 
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𝑚𝑝̃ 
– Imaginary part of the refractive index of particle’s 

material ( - ) 
𝑛⃗⃗ – Normal vector of the boundary layer ( - ) 
𝑝 – Pressure (Pa) 

𝑄𝑖𝑛 
– Internal source of energy, e.g. as a result of the mag-

netic field presence (W · m−3) 

𝑞⃗𝑓 – Fourier heat flux of fluid (W · m−2) 

𝑞⃗𝑝 – Fourier heat flux of particles (W · m−2) 
𝑟 – Radius – spherical coordinate (m) 

𝑆𝑓 – Source of energy for fluids (W · m−3) 

𝑆𝑖
𝑝

 – Source of energy for the 𝑖-particle (W · m−3) 

𝑆 – Oriented surface (m2) 

𝑇 – Temperature (K) 

𝑇𝑓 – Temperature of fluid (K) 

𝑇𝑝
𝑖 – Temperature of particles (K) 

𝑇𝑜 – Initial temperature at the 𝑡 = 0 s (K) 

𝑇𝑝ℎ – Temperature of crystal lattice (phonon heat) (K) 

𝑇𝑆 – Smoluchowski temperature jump (K) 

𝑇𝑆
𝑓

 – Temperature at the boundary from fluid side (K) 

𝑇𝑆
𝑝

 – Temperature at the boundary from particle side (K) 

𝑇𝑤 – Wall temperature (K) 

𝑡 – Time (s) 

𝑉𝑖 – Volume of the 𝑖-particle (m3) 

𝑣⃗ 𝐹 – Fermi velocity (m ·  s−1) 

𝑣⃗ – Velocity of the fluid (m · s−1) 
𝑣⃗𝑝,𝑖 – Velocity of the 𝑖-particle (m · s−1) 

𝑣⃗𝑠𝑙𝑖𝑝
𝑓

 – Velocity slip at fluid boundary (m · s−1) 

𝑣⃗𝑠𝑙𝑖𝑝
𝑝

 – Velocity slip at particle boundary (m · s−1) 

𝑋†⃗⃗⃗⃗⃗⃗  – Diffusive momentum flux (kg · m · s−2) 

𝑥 – Selected dimension (m) 

Greek letters: 

𝛼𝑖   – Polarizability of the 𝑖-particle (m3) 
𝛼𝑝  – Volume of particles’ occupation in fluid ( - ) 

𝛼𝑑 – Thermal diffusivity (m2 ·  s−1) 

𝛼𝑑
𝑓  – Thermal diffusivity of the considered fluid (m2 ·  s−1) 

𝛼𝑑,𝑖
𝑝  – Thermal diffusivity of the 𝑖-particle (m2 ·  s−1) 

𝛿 – Thickness of the considered material (m) 

𝜀ℎ  – Real part of the permittivity of the host medium ( - ) 

𝜀𝑝  – Real part of the permittivity of the considered metal  
( - ) 

𝜀ℎ̃  – Imaginary part of the permittivity of the host medium  
( - ) 

𝜀𝑝̃  – Imaginary part of the permittivity of the considered 
metal ( - ) 

𝜖𝑖  – Emissivity of the 𝑖-particle ( - ) 

𝛩𝑖
𝑝−𝑓  – Heat exchange between the 𝑖-particle and fluid 

(W · m−3) 

𝛩𝑖
𝑝−𝑝  – Heat exchange between particles (W · m−3) 

𝛬𝑜  – Mean free path of an electron for a bulk metal (m) 

𝛬𝑝,𝑖  – Mean free path (particle size) of an electron for the 𝑖-

particle (m) 

𝜆  – Incident wavelength (m) 

𝜇  – Molecular viscosity (kg · m−1 · s−1) 
𝜉  – Nanoparticles concentration (m−3) 

𝜌  – Density of a material (kg · m−3) 
𝜌𝑝,𝑖  – Density of the 𝑖-particle (kg · m−3) 

𝜎𝑆𝐵  – Stefan-Boltzmann constant (W · m−2 · K−4) 

𝜎𝑎𝑏𝑠ℎ
  – Absorption coefficient of the surrounding medium 

(m−1) 

𝜎𝑎𝑏𝑠𝑝
  – Absorption coefficient of particles (m−1) 

𝜎𝑠𝑐𝑎𝑝
  – Scattering coefficient of particles (m−1) 

𝜑  – Fraction of occupied particles in fluid ( - ) 

𝛷 – Oriented surface  

𝜙𝑖,𝑓𝑙  – Parameter describing aspect ratio of the flattened 𝑖-

particle ( - ) 
𝜙𝑖,𝑠𝑡𝑟  – Parameter describing aspect ratio of the stretched 𝑖-

particle ( - ) 
𝛹 – Parameter describing heat flow rate ( - ) 

𝜓 – Selected mathematical variable ( - ) 

𝛺 – Angle of orientation (rad) 

Others: 

𝜕  – Symbol of partial derivative 

Л𝑖  – Depolarization factor of the 𝑖-nanoparticle ( - ) 

Л𝑖
𝑓𝑙  – Depolarization factor of the flattened 𝑖-nanostructure  

( - ) 

Л𝑖
𝑠𝑡𝑟  – Depolarization factor of the stretched 𝑖-nanostructure  

( - ) 
𝕀  – Symbol of imaginary unit 

𝕚𝕞  – Imaginary part of a complex expression 

𝕣𝕖  – Real part of a complex expression 

Subscripts and superscripts: 

′  – Symbol of derivative 
· – Symbol of scalar product 

× – Symbol of vector product 

𝑎  – Air 

𝑑  – Diffusivity 

𝑒−  – Electron 

𝐹  – In reference to Fermi (crystallography) 

𝑓  – Fluid 

𝑖  – Selected number 

𝑚  – Mechanical 

𝑁  – Number of nanoparticles  

𝑜  – In reference to initial conditions 

𝑝  – Particle 

†  – Transposition 

Abbreviations: 

𝑎𝑏𝑠  – Absorption 

𝑏𝑎𝑠𝑒  – Base – a material on which nanoparticles are coated 
𝑑𝑖𝑣  – Divergence 

𝑒𝑓𝑓  – Effective 

𝑒𝑥𝑝  – Exponent 

𝑒𝑥𝑡  – Extinction 

𝑓𝑙 – Flattened 

𝑔𝑟𝑎𝑑  – Gradient 

𝑖𝑒𝑟𝑓𝑐 – Short form for error-based functions 

𝑖𝑛  – Internal 

𝑙𝑛 – Symbol of natural logarithm  

NPs – Nanoparticles 

𝑝ℎ  – Phonon 

𝑆𝐵  – Stefan-Boltzmann 

𝑠𝑐𝑎  – Scattering 

𝑠𝑙𝑖𝑝  – Slip at the boundary 
𝑠𝑡𝑟 – Stretched 

𝑠𝑢𝑟  – Surface 
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