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Abstract: In this work, a coupled system of time-fractional modified Burgers’ equations is considered. Three different fractional operators: 
Caputo, Caputo-Fabrizio and Atangana-Baleanu operators are implemented for the equations. Also, two different scenarios are examined 
for each fractional operator: when the initial conditions are u(x, y, 0)  =  sin(xy),  v(x, y, 0)  =  sin(xy), and when they are 

u(x, y, 0)  =  e{−kxy},  v(x, y, 0)  =  e{−kxy}, where k, α are some positive constants. With the aid of computable Adomian polynomials, 

the solutions are obtained using Laplace Adomian decomposition method (LADM). The method does not need linearization, weak  
nonlinearity assumptions or perturbation theory. Simulations are also presented to support theoretical results, and the behaviour  
of the solutions under the three different fractional operators compared. 
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1. INTRODUCTION 

Fractional differential equations (FDEs) are beginning to enjoy 
widespread application in many real life modelling problems. 
Fractional operators involving power-law kernel were first pro-
posed by Riemann-Liouville and Caputo [1]. Although, these 
kernels are singular and constitute serious setbacks to their us-
age, more recent and improved operators such as Caputo-
Fabrizio (CF) [2] and Atangana-Baleanu (AB) [3] operators have 
emerged. 

The time-fractional Burgers equation is a kind of sub-diffusion 
convection equation. It is widely used to describe many physical 
problems such as unidirectional propagation of weakly nonlinear 
acoustic waves, shock waves in a viscous medium, flow systems, 
electromagnetic waves, compressible turbulence and weak shock 
propagation, etc [4]. Within the literature, lots of methods have 
been used to solve different versions of the Burgers equations, 
both integer order and time-fractional forms [5-10].   

Agheli used the new homotopic perturbation method (NHPM) 
to solve a system of time fractional Burgers’ equations [5]. Kaya 
[6] considered an explicit solution of the coupled viscous Burgers 
equation with the aid of the decomposition method. Majeed et al. 
[7] considered the solution of a one-dimensional time fractional 
Burgers and Fishers equations numerically with the help of the 
cubic B-spline approximation method. Singh et al. [8] analyzed a 
one-dimensional time-fractional model for damped Burgers equa-
tion involving the Caputo-Fabrizio fractional derivative. Also, the 
authors [9] considered the approximate analytic solution of the 
time-fractional damped Burgers and Cahn-Allen equations involv-
ing the Riemann-Liouville derivative using Homotopy analysis 
method (HAM). The existence of solutions for a coupled system of 
time-fractional partial differential equations (FPDEs) including 

continuous functions and the Caputo-Fabrizio fractional derivative 
was examined by Alsaedi et al. [10].   

Also, several other methods have been proposed to solve 
non-linear fractional partial differential equations. The authors [11] 
numerically solved space-time fractional Burgers equations with 
the help of a new semi-analytical method. Safari and Sun [12] 
solved a fractional Rayleigh-Stokes using an improved singular 
boundary and dual reciprocity methods. Safari and Chen [13] 
solved a multi-term time-fractional mixed diffusion-wave equations 
with coupling of the improved singular boundary and dual reci-
procity methods. In [14], Safari et al. used a meshless method to 
solve a variable-order fractional diffusion problems with fourth-
order derivative term. 

Among the available methods, the Laplace-Adomian decom-
position method (LADM) has proven to be one of the most effec-
tive and straight forward method for solving non-linear FDES. This 
method combines both the Adomian decomposition method and 
Laplace transform. Also, it does not involve any predefined size 
declaration, discretization or linearization [15].  

In this work, a modified two-dimensional system of time-
fractional Burgers’ equations is considered, with the help of three 
different fractional derivatives: Caputo, Caputo-Fabrizio and Atan-
gana-Baleanu. The system is solved by applying LADM and the 
obtained results are compared. We hope this work will open up 
new research questions for further studies in this regard.   

1.1 Preliminaries  

Definition 1.1 [16] The Caputo fractional (CF) derivative  

of a function 𝑓 of order 𝜃 ∈ 𝑅+ is defined by 

𝐷𝑡
𝜃

0
𝐶 𝑓(𝑡) =

1

Γ(1−𝜃)
∫ (𝑡 − 𝜁)−𝜃𝑓′(𝜁)𝑑𝜁

𝑡

0
            (1) 
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Definition 1.2 [16] The Caputo Fractional integral of a function 𝑓 

of order 𝜃 ∈ 𝑅+ is defined by 

𝐼𝑡
𝜃

0
𝐶 𝑓(𝑡) =

1

Γ(𝜃)
∫ (𝑡 − 𝜁)𝜃−1𝑓(𝜁)𝑑𝜁

𝑡

0
      𝑡 > 0           (2) 

If 𝑓(𝑡) = 1, the Caputo fractional integral is defined as  

𝐼𝑡
𝜃

0
𝐶 (1) =

1

Γ(𝜃)
∫ (𝑡 − 𝜁)𝜃−1(1)(𝜁)𝑑𝜁

𝑡

0
=

𝑡𝜃

Γ(𝜃+1)
          (3) 

 Definition 1.3 [16] For the Caputo derivative, the Laplace trans-
form is defined by: 

𝐿{ 𝐷𝑡
𝜃

0
𝐶 𝑓(𝑡)} = 𝑠𝜃𝐿{𝑓(𝑠)} − 𝑠𝜃−1𝑓(0),    0 < 𝜃 < 1         (4) 

Definition 1.4 [2] Let 𝑓 ∈ 𝐻1(𝑎1, 𝑎2), 𝑎2 > 𝑎1, 𝜃 ∈ (0,1).The 

Caputo-Fabrizio fractional (CF) derivative [2] of a function 𝑓 of 

order 𝜃 ∈ 𝑅+ is defined by 

𝐷𝑡
𝜃

0
𝐶𝐹 𝑓(𝑡) =

𝐺(𝜃)

(1−𝜃)
∫ exp [−

𝜃

1−𝜃
(𝑡 − 𝜏)] 𝑓′(𝜁)𝑑𝜁

𝑡

0
          (5) 

where 𝐺(𝜃) = (1 − 𝜃) +
𝜃

Γ(𝜃)
, denotes a normalization function 

satisfying 𝐺(0) = 𝐺(1) = 1. 

However, if 𝑓 ∉ 𝐻1(𝑎1, 𝑎2), then the Caputo-Fabrizio de-
rivative is defined by 

𝐷𝑡
𝜃

0
𝐶𝐹 𝑓(𝑡) =

𝜃𝐺(𝜃)

(1−𝜃)
∫ exp [−

𝜃

1−𝜃
(𝑡 − 𝜏)] (𝑓(𝑡) − 𝑓(𝜁))𝑑𝜁

𝑡

0
   (6) 

Definition 1.5 [2] The Laplace transform of the Caputo-Fabrizio 
derivative is given by: 

𝐿{ 𝐷𝑡
𝜃

0
𝐶𝐹 𝑓(𝑡)} = 𝐺(𝜃)

𝑠𝐿{𝑓(𝑡)}−𝑓(0)

[𝑠+𝜃(1−𝑠)]
           (7) 

Definition 1.6 [3] Let 𝑓 ∈ 𝐻1(𝑎1, 𝑎2), 𝑎2 > 𝑎1, 𝜃 ∈ (0,1).The 

Atangana-Baleanu derivative of a function 𝑓 of order 𝜃 ∈ 𝑅+ in 
Caputo sense is defined by 

𝐷𝑡
𝜃

0
𝐴𝐵𝐶 𝑓(𝑡) =

𝐺(𝜃)

(1−𝜃)
∫ 𝐸𝜃 [−

𝜃

1−𝜃
(𝑡 − 𝜏)] 𝑓′(𝜁)𝑑𝜁

𝑡

0
         (8) 

where, 𝐸𝜃(. ) is the Mittag-Leffler function defined by  

𝐸𝜃(𝑡) = ∑
𝑡𝜃

Γ(𝜃𝑘+1)
,      𝜃 > 0.∞

𝑘=0            (9) 

Definition 1.7  [3] The Atangana-Baleanu (AB) fractional integral 
in Caputo for a given function 𝑓 of order 𝜃 ∈ 𝑅+ is defined by 

𝐼𝑡
𝜃

0
𝐴𝐵 𝑓(𝑡) =

1−𝜃

𝐺(𝜃)
𝑓(𝑡) +

𝜃

𝐺(𝜃)Γ(𝜃)
∫ (𝑡 − 𝜏)𝜃−1𝑓(𝜁)𝑑𝜁

𝑡

0
         (10) 

Definition 1.8 [3] For the AB derivative, the Laplace transform is 
defined as: 

𝐿{ 𝐷𝑡
𝜃

0
𝐴𝐵𝐶 𝑓(𝑡)} = 𝐺(𝜃)

𝑠𝜃𝐿{𝑓(𝑡)}−𝑠𝜃−1𝑓(0)

[𝜃+(1−𝜃)𝑠𝜃]
         (11) 

2. APPLICATIONS 

Various forms of the time fractional Burgers equations have 
been considered by different authors. For instance, Mohammed 
[17] used the Conformable double Sumudu transform in solving a 
scalar time-fractional coupled Burgers equation. Also, the authors 
[18] solved a nonlinear one-dimensional fractional Burgers’ equa-
tions with the aid of the Elzaki transform and homotopy perturba-
tion method. In [19], the authors developed a modified variational 
iteration Laplace transform method and compared with Laplace 
Adomian decomposition method in solving a one-dimensional 

time-fractional Burgers Equations. 
To the best of our knowledge, no authors have considered the 

coupled system of time fractional Burgers’ equation using the 
three different fractional derivatives. In this paper, this is now 
solved with the aid of the Laplace Adomian Decomposition meth-
od (LADM). 

2.1. The Atangana-Baleanu fractional operator  

Example 2.1 Let us consider the system of modified time-
fractional two-dimensional Burgers’ equations 

𝜕𝜃

𝜕𝑡𝜃 + 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝛼 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2)  

𝜕𝜃𝑣

𝜕𝑡𝜃 + 𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= 𝛼 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2),        (12) 

Subject to the initial conditions: 

Case 2.1 𝑢(𝑥, 𝑦, 0) = sin(𝑥𝑦) , 𝑣(𝑥, ,0) = sin (𝑥𝑦) 
By applying the Laplace transform of the AB derivative to the 

equation (12), we obtain 

𝐿 [
𝜕𝜃

𝜕𝑡𝜃] = 𝐿 [𝛼 (
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) − 𝑢
𝜕𝑢

𝜕𝑥
− 𝑣

𝜕𝑢

𝜕𝑦
]  

𝐿 [
𝜕𝜃𝑣

𝜕𝑡𝜃] = 𝐿 [𝛼 (
𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) − 𝑢
𝜕𝑣

𝜕𝑥
− 𝑣

𝜕𝑣

𝜕𝑦
],   

which can be re-written as  

𝐿[𝑢(𝑥, 𝑦, 𝑡)] =
𝑢(𝑥,𝑦,0)

𝑠
+

𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) −

𝑢
𝜕𝑢

𝜕𝑥
− 𝑣

𝜕𝑢

𝜕𝑦
]      

𝐿[𝑣(𝑥, 𝑦, 𝑡)] =
𝑣(𝑥,𝑦,0)

𝑠
+

𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) −

𝑢
𝜕𝑣

𝜕𝑥
− 𝑣

𝜕𝑣

𝜕𝑦
].             (13) 

Taking inverse Laplace transform of both sides, we obtain 

𝑢(𝑥, 𝑦, 𝑡) = 𝐿−1 [
𝑢(𝑥,𝑦,0)

𝑠
+

𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) −

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
]]  

𝑣(𝑥, 𝑦, 𝑡) = 𝐿−1 [
𝑣(𝑥,𝑦,0)

𝑠
+

𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) −

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
]]                (14) 

which is equivalent to 

𝑢(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + 𝐿−1 [
𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) −

𝑢
𝜕𝑢

𝜕𝑥
− 𝑣

𝜕𝑢

𝜕𝑦
]]  

𝑣(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + 𝐿−1 [
𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) −

𝑢
𝜕𝑣

𝜕𝑥
− 𝑣

𝜕𝑣

𝜕𝑦
]]               (15) 

Using the ADM, we obtain 

∑ 𝑢𝑗(𝑥, 𝑦, 𝑡) =∞
𝑗=0 sin(𝑥𝑦) + 𝐿−1 [

𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑢

𝜕𝑥2 +

𝜕2𝑢

𝜕𝑦2) − ∑ 𝐴𝑗
∞
𝑗=0 − ∑ 𝐵𝑗

∞
𝑗=0 ]]  
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∑ 𝑣𝑗(𝑥, 𝑦, 𝑡) =∞
𝑗=0 sin(𝑥𝑦) + 𝐿−1 [

𝑠𝜃(1−𝜃)+𝜃

𝑠𝜃𝐺(𝜃)
𝐿 [𝛼 (

𝜕2𝑣

𝜕𝑥2 +

𝜕2𝑣

𝜕𝑦2) − ∑ 𝐶𝑗
∞
𝑗=0 − ∑ 𝐷𝑗

∞
𝑗=0 ]]             (16) 

where, the Adomian polynomial components 𝐴𝑗, 𝐵𝑗 , 𝐶𝑗  and 𝐷𝑗  are 

given as: 

𝐴0 = 𝑢0
𝜕𝑢0

𝜕𝑥
,   𝐴1 = 𝑢0

𝜕𝑢1

𝜕𝑥
+ 𝑢1

𝜕𝑢0

𝜕𝑥
,   

𝐴2 = 𝑢0
𝜕𝑢2

𝜕𝑥
+ 𝑢1

𝜕𝑢1

𝜕𝑥
+ 𝑢2

𝜕𝑢0

𝜕𝑥
,  

𝐵0 = 𝑣0
𝜕𝑢0

𝜕𝑦
,     𝐵1 = 𝑣0

𝜕𝑢1

𝜕𝑦
+ 𝑣1

𝜕𝑢0

𝜕𝑦
,   

𝐵2 = 𝑣0
𝜕𝑢2

𝜕𝑦
+ 𝑣1

𝜕𝑢2

𝜕𝑦
+ 𝑣2

𝜕𝑢0

𝜕𝑦
,  

𝐶0 = 𝑢0
𝜕𝑣0

𝜕𝑥
,   𝐶1 = 𝑢0

𝜕𝑣1

𝜕𝑥
+ 𝑢1

𝜕𝑣0

𝜕𝑥
,   

𝐶2 = 𝑢0
𝜕𝑣2

𝜕𝑥
+ 𝑢1

𝜕𝑣1

𝜕𝑥
+ 𝑢2

𝜕𝑣0

𝜕𝑥
,  

𝐷0 = 𝑣0
𝜕𝑣0

𝜕𝑦
,     𝐷1 = 𝑣0

𝜕𝑣1

𝜕𝑦
+ 𝑣1

𝜕𝑣0

𝜕𝑦
,   

𝐵2 = 𝑣0
𝜕𝑣2

𝜕𝑦
+ 𝑣1

𝜕𝑣2

𝜕𝑦
+ 𝑣2

𝜕𝑣0

𝜕𝑦
,            (17) 

For 𝑗 = 0,1,2, 

𝑢1(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (

𝜕2𝑢0

𝜕𝑥2 +

𝜕2𝑢0

𝜕𝑦2 ) − 𝑢0
𝜕𝑢0

𝜕𝑥
− 𝑣0

𝜕𝑢0

𝜕𝑦
] = sin(xy) + [

1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 + 𝑦)sin (𝑥𝑦)cos (𝑥𝑦)]  

𝑣1(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (

𝜕2𝑣0

𝜕𝑥2 +

𝜕2𝑣0

𝜕𝑦2 ) − 𝑢0
𝜕𝑣0

𝜕𝑥
− 𝑣0

𝜕𝑣0

𝜕𝑦
] = sin(𝑥𝑦) + [

1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 + 𝑦)sin (𝑥𝑦)cos (𝑥𝑦)]  

𝑢2(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (

𝜕2𝑢0

𝜕𝑥2 +

𝜕2𝑢0

𝜕𝑦2 ) − 𝑢0
𝜕𝑢1

𝜕𝑥
− 𝑢1

𝜕𝑢0

𝜕𝑥
− 𝑣0

𝜕𝑢1

𝜕𝑦
− 𝑣1

𝜕𝑢0

𝜕𝑦
] = sin(xy) +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (

𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2 ) −

sin(𝑥𝑦) (𝑦𝑐𝑜𝑠(𝑥𝑦) +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−2𝛼𝑥𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑦(𝑥2 +

𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] −

sin(𝑥𝑦) cos(𝑥𝑦)]) − (sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−𝛼(𝑥2 + 𝑦2)𝑠𝑖𝑛(𝑥𝑦) − (𝑥 +

𝑦)sin (𝑥𝑦)cos (𝑥𝑦)]) 𝑦𝑐𝑜𝑠(𝑥𝑦) − sin(𝑥𝑦) (𝑥𝑐𝑜𝑠(𝑥𝑦) +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−2𝛼𝑦𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑥(𝑥2 +

𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] −

sin(𝑥𝑦) cos(𝑥𝑦)]) − (sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 +

𝑦)𝑠𝑖𝑛(𝑥𝑦) cos(𝑥𝑦)]) 𝑥𝑐𝑜𝑠(𝑥𝑦)]  

𝑣2(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (

𝜕2𝑣0

𝜕𝑥2 +

𝜕2𝑣0

𝜕𝑦2 ) − 𝑢0
𝜕𝑣1

𝜕𝑥
− 𝑢1

𝜕𝑣0

𝜕𝑥
− 𝑣0

𝜕𝑣1

𝜕𝑦
− 𝑣1

𝜕𝑣0

𝜕𝑦
] = sin(xy) +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (

𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2 ) −

sin(𝑥𝑦) (𝑦𝑐𝑜𝑠(𝑥𝑦) +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−2𝛼𝑥𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑦(𝑥2 +

𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] −

sin(𝑥𝑦) cos(𝑥𝑦)]) − (sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−𝛼(𝑥2 + 𝑦2)𝑠𝑖𝑛(𝑥𝑦) − (𝑥 +

𝑦)sin (𝑥𝑦)cos (𝑥𝑦)]) 𝑦𝑐𝑜𝑠(𝑥𝑦) − sin(𝑥𝑦) (𝑥𝑐𝑜𝑠(𝑥𝑦) +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−2𝛼𝑦𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑥(𝑥2 +

𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] −

sin(𝑥𝑦) cos(𝑥𝑦)]) − (sin(𝑥𝑦) + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 +

𝑦)𝑠𝑖𝑛(𝑥𝑦) cos(𝑥𝑦)]) 𝑥𝑐𝑜𝑠(𝑥𝑦)]  

Case 2.2 𝑢(𝑥, 𝑦, 0) = sin(𝑥𝑦) , 𝑣(𝑥, ,0) = sin (𝑥𝑦) 

𝑢1(𝑥, 𝑦, 𝑡) =

𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦]  

𝑣1(𝑥, 𝑦, 𝑡) =

𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦]  

𝑢2(𝑥, 𝑦, 𝑡) =

𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘4𝑦4𝑒−𝑘𝑥𝑦 +

𝑘4𝑥4𝑒−𝑘𝑥𝑦 + 4𝑘2𝑒−𝑘𝑥𝑦)]) − 𝑒−𝑘𝑥𝑦 (𝑘𝑦𝑒−𝑘𝑥𝑦 +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(−𝑘3𝑦3𝑒−𝑘𝑥𝑦 + 2𝑘2𝑥𝑒−𝑘𝑥𝑦 −

𝑘3𝑦𝑥2𝑒−𝑘𝑥𝑦) + 2𝑘2𝑦2𝑒−2𝑘𝑥𝑦 − 𝑘𝑒−4𝑘𝑥𝑦 +

4𝑘2𝑥𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +

𝑘𝑥𝑒−4𝑘𝑥𝑦]) 𝑘𝑦𝑒−2𝑘𝑥𝑦 (−𝑘𝑥𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(2𝑘2𝑦𝑒−𝑘𝑥𝑦 − 𝑘3𝑥𝑦2𝑒−𝑘𝑥𝑦 − 𝑘3𝑥3𝑒−𝑘𝑥𝑦) −

𝑘2𝑒−2𝑘𝑥𝑦 + 2𝑘2𝑥𝑦𝑒−2𝑘𝑥𝑦 − 4𝑘2𝑥2𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦]) (−𝑘𝑥𝑒−𝑘𝑥)]  

𝑣2(𝑥, 𝑦, 𝑡) =

𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼 (𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘4𝑦4𝑒−𝑘𝑥𝑦 +

𝑘4𝑥4𝑒−𝑘𝑥𝑦 + 4𝑘2𝑒−𝑘𝑥𝑦)]) − 𝑒−𝑘𝑥𝑦 (𝑘𝑦𝑒−𝑘𝑥𝑦 +

[
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(−𝑘3𝑦3𝑒−𝑘𝑥𝑦 + 2𝑘2𝑥𝑒−𝑘𝑥𝑦 −

𝑘3𝑦𝑥2𝑒−𝑘𝑥𝑦) + 2𝑘2𝑦2𝑒−2𝑘𝑥𝑦 − 𝑘𝑒−4𝑘𝑥𝑦 +
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4𝑘2𝑥𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +

𝑘𝑥𝑒−4𝑘𝑥𝑦]) 𝑘𝑦𝑒−2𝑘𝑥𝑦 (−𝑘𝑥𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(2𝑘2𝑦𝑒−𝑘𝑥𝑦 − 𝑘3𝑥𝑦2𝑒−𝑘𝑥𝑦 − 𝑘3𝑥3𝑒−𝑘𝑥𝑦) −

𝑘2𝑒−2𝑘𝑥𝑦 + 2𝑘2𝑥𝑦𝑒−2𝑘𝑥𝑦 − 4𝑘2𝑥2𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
1

𝐺(𝜃)
(1 − 𝜃 +

𝜃𝑡𝜃

Γ(𝜃)
)] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦]) (−𝑘𝑥𝑒−𝑘𝑥)]  

2.2. The Caputo fractional operator  

Applying the Laplace transform to system (12) and solving via 
the Caputo fractional derivative, we have using the initial condi-
tions: 

Case 2.3 𝑢(𝑥, 𝑦, 0) = sin(𝑥𝑦) , 𝑣(𝑥, 𝑦, 0) = sin (𝑥𝑦) 

𝑢2(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼 (

𝜕2𝑢0

𝜕𝑥2 +
𝜕2𝑢0

𝜕𝑦2 ) −

𝑢0
𝜕𝑢1

𝜕𝑥
− 𝑢1

𝜕𝑢0

𝜕𝑥
− 𝑣0

𝜕𝑢1

𝜕𝑦
− 𝑣1

𝜕𝑢0

𝜕𝑦
] = sin(xy) +

[
𝑡𝜃

Γ(𝜃+1)
] [𝛼 (

𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2 ) − sin(𝑥𝑦) (𝑦𝑐𝑜𝑠(𝑥𝑦) +

[
𝑡𝜃

Γ(𝜃+1)
] [−2𝛼𝑥𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑦(𝑥2 + 𝑦2) cos(𝑥𝑦) −

𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] − sin(𝑥𝑦) cos(𝑥𝑦)]) −

(sin(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [−𝛼(𝑥2 + 𝑦2)𝑠𝑖𝑛(𝑥𝑦) − (𝑥 +

𝑦)sin (𝑥𝑦)cos (𝑥𝑦)]) 𝑦𝑐𝑜𝑠(𝑥𝑦) − sin(𝑥𝑦) (𝑥𝑐𝑜𝑠(𝑥𝑦) +

[
𝑡𝜃

Γ(𝜃+1)
] [−2𝛼𝑦𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑥(𝑥2 + 𝑦2) cos(𝑥𝑦) −

𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] − sin(𝑥𝑦) cos(𝑥𝑦)]) −

(sin(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 +

𝑦)𝑠𝑖𝑛(𝑥𝑦) cos(𝑥𝑦)]) 𝑥𝑐𝑜𝑠(𝑥𝑦)] 𝑣2(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) +

[
𝑡𝜃

Γ(𝜃+1)
] [𝛼 (

𝜕2𝑣0

𝜕𝑥2 +
𝜕2𝑣0

𝜕𝑦2 ) − 𝑢0
𝜕𝑣1

𝜕𝑥
− 𝑢1

𝜕𝑣0

𝜕𝑥
− 𝑣0

𝜕𝑣1

𝜕𝑦
−

𝑣1
𝜕𝑣0

𝜕𝑦
] = sin(xy) + [

𝑡𝜃

Γ(𝜃+1)
] [𝛼 (

𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2 ) −

sin(𝑥𝑦) (𝑦𝑐𝑜𝑠(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [−2𝛼𝑥𝑠𝑖𝑛(𝑥𝑦) −

𝛼𝑦(𝑥2 + 𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] −

sin(𝑥𝑦) cos(𝑥𝑦)]) − (sin(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [−𝛼(𝑥2 +

𝑦2)𝑠𝑖𝑛(𝑥𝑦) − (𝑥 + 𝑦)sin (𝑥𝑦)cos (𝑥𝑦)]) 𝑦𝑐𝑜𝑠(𝑥𝑦) −

sin(𝑥𝑦) (𝑥𝑐𝑜𝑠(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [−2𝛼𝑦𝑠𝑖𝑛(𝑥𝑦) −

𝛼𝑥(𝑥2 + 𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] −

sin(𝑥𝑦) cos(𝑥𝑦)]) − (sin(𝑥𝑦) + [
𝑡𝜃

Γ(𝜃+1)
] [−𝛼(𝑥2 +

𝑦2) sin(𝑥𝑦) − (𝑥 + 𝑦)𝑠𝑖𝑛(𝑥𝑦) cos(𝑥𝑦)]) 𝑥𝑐𝑜𝑠(𝑥𝑦)] 

Case 2.4 𝑢(𝑥, 𝑦, 0) = 𝑒−𝑘𝑥𝑦 , 𝑣(𝑥, ,0) = 𝑒−𝑘𝑥𝑦  

𝑢2(𝑥, 𝑦, 𝑡) = 𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼 (𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘4𝑦4𝑒−𝑘𝑥𝑦 + 𝑘4𝑥4𝑒−𝑘𝑥𝑦 +

4𝑘2𝑒−𝑘𝑥𝑦)]) −

𝑒−𝑘𝑥𝑦 (𝑘𝑦𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(−𝑘3𝑦3𝑒−𝑘𝑥𝑦 +

2𝑘2𝑥𝑒−𝑘𝑥𝑦 − 𝑘3𝑦𝑥2𝑒−𝑘𝑥𝑦) + 2𝑘2𝑦2𝑒−2𝑘𝑥𝑦 − 𝑘𝑒−4𝑘𝑥𝑦 +

4𝑘2𝑥𝑦𝑒−4𝑘𝑥𝑦]) − (𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +

𝑘𝑥𝑒−4𝑘𝑥𝑦]) 𝑘𝑦𝑒−2𝑘𝑥𝑦 (−𝑘𝑥𝑒−𝑘𝑥𝑦 +

[
𝑡𝜃

Γ(𝜃+1)
] [𝛼(2𝑘2𝑦𝑒−𝑘𝑥𝑦 − 𝑘3𝑥𝑦2𝑒−𝑘𝑥𝑦 − 𝑘3𝑥3𝑒−𝑘𝑥𝑦) −

𝑘2𝑒−2𝑘𝑥𝑦 + 2𝑘2𝑥𝑦𝑒−2𝑘𝑥𝑦 − 4𝑘2𝑥2𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 + 𝑘2𝑥2𝑒−𝑘𝑥𝑦) +

𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦]) (−𝑘𝑥𝑒−𝑘𝑥)]  

𝑣2(𝑥, 𝑦, 𝑡) = 𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼 (𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘4𝑦4𝑒−𝑘𝑥𝑦 + 𝑘4𝑥4𝑒−𝑘𝑥𝑦 +

4𝑘2𝑒−𝑘𝑥𝑦)]) −

𝑒−𝑘𝑥𝑦 (𝑘𝑦𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(−𝑘3𝑦3𝑒−𝑘𝑥𝑦 +

2𝑘2𝑥𝑒−𝑘𝑥𝑦 − 𝑘3𝑦𝑥2𝑒−𝑘𝑥𝑦) + 2𝑘2𝑦2𝑒−2𝑘𝑥𝑦 − 𝑘𝑒−4𝑘𝑥𝑦 +

4𝑘2𝑥𝑦𝑒−4𝑘𝑥𝑦]) − (𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +

𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +

𝑘𝑥𝑒−4𝑘𝑥𝑦]) 𝑘𝑦𝑒−2𝑘𝑥𝑦 (−𝑘𝑥𝑒−𝑘𝑥𝑦 +

[
𝑡𝜃

Γ(𝜃+1)
] [𝛼(2𝑘2𝑦𝑒−𝑘𝑥𝑦 − 𝑘3𝑥𝑦2𝑒−𝑘𝑥𝑦 − 𝑘3𝑥3𝑒−𝑘𝑥𝑦) −

𝑘2𝑒−2𝑘𝑥𝑦 + 2𝑘2𝑥𝑦𝑒−2𝑘𝑥𝑦 − 4𝑘2𝑥2𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 + 𝑘2𝑥2𝑒−𝑘𝑥𝑦) +

𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦]) (−𝑘𝑥𝑒−𝑘𝑥)]  

2.3. The Caputo-Fabrizio fractional operator  

Applying the Laplace transform to system (12) and solving via 
the Caputo-Fabrizio fractional derivative, we have, using the initial 
conditions: 

Case 2.5 𝑢(𝑥, 𝑦, 0) = 𝑒−𝑘𝑥𝑦 , 𝑣(𝑥, ,0) = 𝑒−𝑘𝑥𝑦  

𝑢2(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [1 + 𝜃(𝑡 − 1)] [𝛼 (
𝜕2𝑢0

𝜕𝑥2 +
𝜕2𝑢0

𝜕𝑦2 ) −

𝑢0
𝜕𝑢1

𝜕𝑥
− 𝑢1

𝜕𝑢0

𝜕𝑥
− 𝑣0

𝜕𝑢1

𝜕𝑦
− 𝑣1

𝜕𝑢0

𝜕𝑦
] = sin(xy) +

[1 + 𝜃(𝑡 − 1)] [𝛼 (
𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2 ) − sin(𝑥𝑦)(𝑦𝑐𝑜𝑠(𝑥𝑦) +

[1 + 𝜃(𝑡 − 1)][−2𝛼𝑥𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑦(𝑥2 + 𝑦2) cos(𝑥𝑦) −
𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] − sin(𝑥𝑦) cos(𝑥𝑦)]) −
(sin(𝑥𝑦) + [1 + 𝜃(𝑡 − 1)][−𝛼(𝑥2 + 𝑦2)𝑠𝑖𝑛(𝑥𝑦) − (𝑥 +
𝑦)sin (𝑥𝑦)cos (𝑥𝑦)])𝑦𝑐𝑜𝑠(𝑥𝑦) − sin(𝑥𝑦) (𝑥𝑐𝑜𝑠(𝑥𝑦) +
[1 + 𝜃(𝑡 − 1)][−2𝛼𝑦𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑥(𝑥2 + 𝑦2) cos(𝑥𝑦) −
𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] − sin(𝑥𝑦) cos(𝑥𝑦)]) −
(sin(𝑥𝑦) + [1 + 𝜃(𝑡 − 1)][−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 +

𝑦)𝑠𝑖𝑛(𝑥𝑦) cos(𝑥𝑦)])𝑥𝑐𝑜𝑠(𝑥𝑦)]  

𝑣2(𝑥, 𝑦, 𝑡) = sin(𝑥𝑦) + [1 + 𝜃(𝑡 − 1)] [𝛼 (
𝜕2𝑣0

𝜕𝑥2 +
𝜕2𝑣0

𝜕𝑦2 ) −

𝑢0
𝜕𝑣1

𝜕𝑥
− 𝑢1

𝜕𝑣0

𝜕𝑥
− 𝑣0

𝜕𝑣1

𝜕𝑦
− 𝑣1

𝜕𝑣0

𝜕𝑦
] = sin(xy) + [1 + 𝜃(𝑡 −
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1)] [𝛼 (
𝜕2𝑢1

𝜕𝑥2 +
𝜕2𝑢1

𝜕𝑦2 ) − sin(𝑥𝑦)(𝑦𝑐𝑜𝑠(𝑥𝑦) + [1 + 𝜃(𝑡 −

1)][−2𝛼𝑥𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑦(𝑥2 + 𝑦2) cos(𝑥𝑦) − 𝑦(𝑥 +
𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] − sin(𝑥𝑦) cos(𝑥𝑦)]) −
(sin(𝑥𝑦) + [1 + 𝜃(𝑡 − 1)][−𝛼(𝑥2 + 𝑦2)𝑠𝑖𝑛(𝑥𝑦) − (𝑥 +
𝑦)sin (𝑥𝑦)cos (𝑥𝑦)])𝑦𝑐𝑜𝑠(𝑥𝑦) − sin(𝑥𝑦) (𝑥𝑐𝑜𝑠(𝑥𝑦) +
[1 + 𝜃(𝑡 − 1)][−2𝛼𝑦𝑠𝑖𝑛(𝑥𝑦) − 𝛼𝑥(𝑥2 + 𝑦2) cos(𝑥𝑦) −
𝑦(𝑥 + 𝑦)[cos2(𝑥𝑦) − sin2(𝑥𝑦)] − sin(𝑥𝑦) cos(𝑥𝑦)]) −
(sin(𝑥𝑦) + [1 + 𝜃(𝑡 − 1)][−𝛼(𝑥2 + 𝑦2) sin(𝑥𝑦) − (𝑥 +

𝑦)𝑠𝑖𝑛(𝑥𝑦) cos(𝑥𝑦)])𝑥𝑐𝑜𝑠(𝑥𝑦)]  

Case 2.6 𝑢(𝑥, 𝑦, 0) = 𝑒−𝑘𝑥𝑦 , 𝑣(𝑥, ,0) = 𝑒−𝑘𝑥𝑦  

𝑢2(𝑥, 𝑦, 𝑡) = 𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼 (𝑘2𝑦2𝑒−𝑘𝑥𝑦 + 𝑘2𝑥2𝑒−𝑘𝑥𝑦 +

[
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘4𝑦4𝑒−𝑘𝑥𝑦 + 𝑘4𝑥4𝑒−𝑘𝑥𝑦 + 4𝑘2𝑒−𝑘𝑥𝑦)]) −

𝑒−𝑘𝑥𝑦 (𝑘𝑦𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(−𝑘3𝑦3𝑒−𝑘𝑥𝑦 + 2𝑘2𝑥𝑒−𝑘𝑥𝑦 −

𝑘3𝑦𝑥2𝑒−𝑘𝑥𝑦) + 2𝑘2𝑦2𝑒−2𝑘𝑥𝑦 − 𝑘𝑒−4𝑘𝑥𝑦 + 4𝑘2𝑥𝑦𝑒−4𝑘𝑥𝑦]) −

(𝑒−𝑘𝑥𝑦 + [
𝑡𝜃

Γ(𝜃+1)
] [𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 + 𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +

𝑘𝑥𝑒−4𝑘𝑥𝑦]) 𝑘𝑦𝑒−2𝑘𝑥𝑦(−𝑘𝑥𝑒−𝑘𝑥𝑦 + 1 + 𝜃(𝑡 −

1)[𝛼(2𝑘2𝑦𝑒−𝑘𝑥𝑦 − 𝑘3𝑥𝑦2𝑒−𝑘𝑥𝑦 − 𝑘3𝑥3𝑒−𝑘𝑥𝑦) − 𝑘2𝑒−2𝑘𝑥𝑦 +
2𝑘2𝑥𝑦𝑒−2𝑘𝑥𝑦 − 4𝑘2𝑥2𝑦𝑒−4𝑘𝑥𝑦]) − (𝑒−𝑘𝑥𝑦 + [1 + 𝜃(𝑡 −
1)][𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 + 𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +

𝑘𝑥𝑒−4𝑘𝑥𝑦])(−𝑘𝑥𝑒−𝑘𝑥)]  

𝑣2(𝑥, 𝑦, 𝑡) = 𝑒−𝑘𝑥𝑦 + [1 + 𝜃(𝑡 − 1)][𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +
𝑘2𝑥26 + 1 + 𝜃(𝑡 − 1)[𝛼(𝑘4𝑦4𝑒−𝑘𝑥𝑦 + 𝑘4𝑥4𝑒−𝑘𝑥𝑦 +
4𝑘2𝑒−𝑘𝑥𝑦)]) −
𝑒−𝑘𝑥𝑦(𝑘𝑦𝑒−𝑘𝑥𝑦 + [1 + 𝜃(𝑡 − 1)][𝛼(−𝑘3𝑦3𝑒−𝑘𝑥𝑦 +
2𝑘2𝑥𝑒−𝑘𝑥𝑦 − 𝑘3𝑦𝑥2𝑒−𝑘𝑥𝑦) + 2𝑘2𝑦2𝑒−2𝑘𝑥𝑦 − 𝑘𝑒−4𝑘𝑥𝑦 +
4𝑘2𝑥𝑦𝑒−4𝑘𝑥𝑦]) − (𝑒−𝑘𝑥𝑦 + [1 + 𝜃(𝑡 − 1)][𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 +
𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 + 𝑘𝑥𝑒−4𝑘𝑥𝑦])𝑘𝑦𝑒−2𝑘𝑥𝑦(−𝑘𝑥𝑒−𝑘𝑥𝑦 +
[1 + 𝜃(𝑡 − 1)][𝛼(2𝑘2𝑦𝑒−𝑘𝑥𝑦 − 𝑘3𝑥𝑦2𝑒−𝑘𝑥𝑦 − 𝑘3𝑥3𝑒−𝑘𝑥𝑦) −
𝑘2𝑒−2𝑘𝑥𝑦 + 2𝑘2𝑥𝑦𝑒−2𝑘𝑥𝑦 − 4𝑘2𝑥2𝑦𝑒−4𝑘𝑥𝑦]) − (𝑒−𝑘𝑥𝑦 +
[1 + 𝜃(𝑡 − 1)][𝛼(𝑘2𝑦2𝑒−𝑘𝑥𝑦 + 𝑘2𝑥2𝑒−𝑘𝑥𝑦) + 𝑘𝑦𝑒−2𝑘𝑥𝑦 +
𝑘𝑥𝑒−4𝑘𝑥𝑦])(−𝑘𝑥𝑒−𝑘𝑥)]  

2.4. Numerical simulations 

In this section, we present some numerical results to justify 
the theoretical analysis and computations. It is imperative to state 
that the MATLAB R2020a version was used to run all the simula-

tions in this section. The solution profiles for u at initial time t = 0 
when the fluid viscosity is 1.0, using the three different fractional 
operators are presented in Figs.1(a)-(b). 

 
Fig. 1(a). Case 1: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 

 
 Fig. 1(b). Case 2: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 

 
Fig. 2(a). Case 2: Solution profile for 𝑢 when 𝑥 = 𝑦 = 1, 𝛼 = 1.0 

 
Fig. 2(b). Case 2: Solution profile for 𝑢 when 𝑥 = 𝑦 = 1, 𝛼 = 1.0 

 
Fig. 3(a). Case 1: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 

 
Fig. 3(b). Case 2: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 
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Fig. 4(a). Case 1: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0

 
Fig. 4(b). Case 2: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 

 
Fig. 5(a). Case 1: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 

 
 Fig. 5(b). Case 2: Solution profile for 𝑢 when 𝑡 = 0, 𝛼 = 1.0 

 
Fig. 6(a). Case 1: Solution profile for 𝑢  

                when 𝛼 = 1.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 6(b). Case 2: Solution profile for 𝑢  

                when 𝛼 = 2.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 6(c). Case 1: Solution profile for 𝑢  

                when 𝛼 = 3.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 6(d). Case 1: Solution profile for 𝑢  

                when 𝛼 = 4.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 7(a). Case 2: Solution profile for 𝑢  

                when 𝛼 = 1.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 7(b). Case 2: Solution profile for 𝑢  

                when 𝛼 = 2.0, 𝜃 = 0.95, 𝑡 = 20 

0 0.5 1 1.5 2 2.5 3 3.5 4
-100

-50

0

50

100

150

x

u

 

 

 = 0.99

 = 0.89

 = 0.79

 = 0.69

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

x

u

 

 

 = 0.99

 = 0.89

 = 0.79

 = 0.69

0 0.5 1 1.5 2 2.5 3 3.5 4
-100

-50

0

50

100

150

x

u

 

 

 = 0.99

 = 0.89

 = 0.79

 = 0.69

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

x

u

 

 

 = 0.99

 = 0.89

 = 0.79

 = 0.69

0
0.5

1
1.5

2

0
0.5

1

1.5

2
-5000

0

5000

10000

15000

20000

 

xy

 

u
(x

,y
,t

)

0
0.5

1
1.5

2

0
0.5

1

1.5

2
-1

0

1

2

3

4

x 10
4

xy

u
(x

,y
,t

)

0
0.5

1
1.5

2

0
0.5

1

1.5

2
-2

0

2

4

6

x 10
4

xy

u
(x

,y
,t

)

0
0.5

1
1.5

2

0
0.5

1

1.5

2
-5

0

5

10

x 10
4

xy

u
(x

,y
,t

)

0
0.5

1
1.5

2

0
0.5

1

1.5

2
-3

-2

-1

0

1

x 10
4

xy

u
(x

,y
,t

)

0
0.5

1
1.5

2

0
0.5

1

1.5

2
-4

-2

0

2

x 10
4

xy

u
(x

,y
,t

)



Andrew Omame, Fiazud Din Zaman          DOI 10.2478/ama-2023-0014 
Solution of the Modified Time Fractional Coupled Burgers Equations Using the Laplace Adomian Decomposition Method 

130 

 
Fig. 7(c). Case 2: Solution profile for 𝑢  

                when 𝛼 = 3.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 7(d). Case 2: Solution profile for 𝑢  

                when 𝛼 = 4.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 8(a). Case 1: Solution profile for 𝑢  

                when 𝛼 = 1.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 8(b). Case 1: Solution profile for 𝑢  

                when 𝛼 = 2.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 8(c). Case 1: Solution profile for 𝑢  

                when 𝛼 = 3.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 8(d). Case 1: Solution profile for 𝑢  

                when 𝛼 = 4.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 9(a). Case 2: Solution profile for 𝑢  

                when 𝛼 = 1.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 9(b). Case 2: Solution profile for 𝑢  

                when 𝛼 = 2.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 9(c). Case 2: Solution profile for 𝑢  

                when 𝛼 = 3.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 9(d). Case 2: Solution profile for 𝑢  

                when 𝛼 = 4.0, 𝜃 = 0.95, 𝑡 = 20 
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Fig. 10(a). Case 1: Solution profile for 𝑢  

                  when 𝛼 = 1.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 10(b). Case 1: Solution profile for 𝑢  

                  when 𝛼 = 2.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 10(c). Case 1: Solution profile for 𝑢  

                  when 𝛼 = 3.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 10(d). Case 1: Solution profile for 𝑢  

                  when 𝛼 = 4.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 11(a). Case 2: Solution profile for 𝑢  

                  when 𝛼 = 1.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 11(b). Case 2: Solution profile for 𝑢  

                  when 𝛼 = 2.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 11(c). Case 2: Solution profile for 𝑢  

                  when 𝛼 = 3.0, 𝜃 = 0.95, 𝑡 = 20 

 
Fig. 11(d). Case 2: Solution profile for 𝑢  

                  when 𝛼 = 4.0, 𝜃 = 0.95, 𝑡 = 20 

The solution profiles for u over time when x = y = 1 and 

when the fluid viscosity is 1.0, using the three different fractional 

operators are presented in Figs.2(a)-(b).The solution profiles for u 
at initial time t = 0 when the fluid viscosity is 1.0, using the 
Caputo fractional operator are presented in Figs.3(a)-(b). The 

solution profiles for u at initial time t = 0 when the fluid viscosity 
is 1.0, using the Caputo-Fabrizio fractional operator are present-

ed in Figs.4(a)-(b).The solution profiles for u at initial time t = 0 

when the fluid viscosity is 1.0, using the Atangana-Baleanu frac-
tional operator are presented in Figs.5(a)-(b).The solution profiles 

for u at initial conditions u(x, y, 0)  =  sin(xy), v(x, y, 0)  =
 sin(xy), over time, when the fluid viscosity α is varied from 1.0 
to 4.0, and the fractional order θ = 0.95, using the Atangana-
Baleanu fractional operator are presented in Figs. 6(a)-(d). It is 
observed that as the viscosity is increased, the fluid velocity is 
stabilized.The solution profiles for u at initial conditions 

u(x, y, 0)  =  e−kxy,  v(x, y, 0)  =  e−kxy, over time, when the 

fluid viscosity α is varied from 1.0 to 4.0, and the fractional order 
θ = 0.95, using the Atangana-Baleanu fractional operator are 

presented in Fig.ure 7(a)-(d).The solution profiles for u at initial 

conditions u(x, y, 0)  =  sin(xy), v(x, y, 0)  =  sin(xy), over 
time, when the fluid viscosity α is varied from 1.0 to 4.0, and the 

fractional order θ = 0.95, using the Caputo fractional operator 

are presented in Figs. 8(a)-(d).The solution profiles foru at initial 

conditions u(x, y, 0)  =  e−kxy, v(x, y, 0)  =  e−kxy, over time, 
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when the fluid viscosity α is varied from 1.0 to 4.0, and the frac-

tional order θ = 0.95, using the Caputo fractional operator are 

presented in Figs. 9(a)-(d).The solution profiles for u at initial 

conditions u(x, y, 0)  =  sin(xy), v(x, y, 0)  =  sin(xy), over 
time, when the fluid viscosity α is varied from 1.0 to 4.0, and the 

fractional order θ = 0.95, using the Caputo-Fabrizio fractional 
operator are presented in Fig.ure 10(a)-(d).The solution profiles 

for u at initial conditions u(x, y, 0)  =  e−kxy, v(x, y, 0)  =
 e−kxy, over time, when the fluid viscosity α is varied from 1.0 to 

4.0, and the fractional order θ = 0.95, using the Caputo-Fabrizio 
fractional operator are presented in Figs. 11(a)-(d). It is observed 
from the figures that as the viscosity is increased, the fluid velocity 
is stabilized.  

It is also worth stating that the CPU time using the Caputo 

fractional operator was 0.863006 seconds. Using the Caputo-
Fabrizio operator, the CPU time was 0.954948 seconds while 

with the AB fractional operator the CPU time was 0.860035 
seconds. 

3. CONCLUSION 

In this work, a coupled system of time-fractional modified 
Burgers’ equations with appropriate initial values is solved using 
the Laplace Adomian decomposition method. Three different 
fractional operators: Caputo, Caputo-Fabrizio and Atangana-
Baleanu operators are considered for the equations. Also, two 
different scenarios are examined for each fractional operator: 

when the initial conditions are u(x, y, 0)  =  sin(xy),  

v(x, y, 0)  =  sin(xy), and when they are u(x, y, 0)  =  e−kxy,  

v(x, y, 0)  =  e−kxy, where k, α are some positive constants. 
With the aid of computable Adomian polynomials, the solutions 
are obtained. The method does not need linearization, weak 
nonlinearity assumptions or perturbation theory. Simulations are 
also presented to support theoretical results, and the behaviour of 
the solutions under the three different fractional operators com-
pared. 

Future work shall consider other numerical schemes such as 
singular boundary and dual reciprocity methods on the current 
coupled system. We shall also consider modified Burgers equa-
tions with higher order dissipation term.  

REFERENCES 

1. Caputo M. Linear models of dissipation whose Q is almost frequency 
independent, Annals of Geophysics 196;19(4):383-393. 

2. Caputo M, Fabrizio M. A new definition of fractional derivative without 
singular kernel, Progress in Fractional Differentiation and Applica-
tions 2015;1(2):1-3. 

3. Atangana A, Baleanu D. New fractional derivatives with nonlocal and 
non-singular kernel: theory and applications to heat transfer model, 
Therm Sci. 2016;20(2):763-769. 

4. Li L, Li D. Exact solutions and numerical study of time fractional 
Burgersequations,Applied Mathematics Letters, 2020;100:106011 
https://doi.org/10.1016/j.aml.2019.106011. 

5. Agheli B, Darzi R. Analysis of solution for system of nonlinear frac-
tional Burger differential equations based on multiple fractional power 
series, Alexandria Engineering Journal, 2017;56(2):271-276, 

https://doi.org/10.1016/j.aej.2016.12.021. 
6. Kaya D. An explicit solution of coupled viscous Burgers equation by 

the decomposition method, International Journal of Mathematics and 
Mathematical Sciences, 2001;27:802356.  
https://doi.org/10.1155/S0161171201010249 

7. Majeed A, Kamran M, Iqbal MK. Baleanu D. Solving time fractional 
Burgers and Fisher's equations using cubic B-spline approximation 
method. Adv Differ Equ 2020;175. https://doi.org/10.1186/s13662-
020-02619-8 

8. Singh J, Kumar D, Qurashi MA, Baleanu D. Analysis of a New Frac-
tional Model for Damped Bergers' Equation, Open Physics, 
2017;15(1):35-41. https://doi.org/10.1515/phys-2017-0005 

9. Esen A, Yagmurlu NM, Tasbozan O. Approximate Analytical Solution 
to Time- Fractional Damped Burger and Cahn- AllenEquations, Appl. 
Math. Inf. Sci., 2013;7(5):1951-1956.  

10. Alsaedi A, Baleanu D, Etemad S, Rezapour S. On coupled systems 
of time-fractional differential problems by using a newfractional deriv-
ative, Journal of Function Spaces, 2016:4626940,  
https://doi.org/10.1155/2016/4626940. 

11. Safari F, Chen W. Numerical approximations for space-time fraction-
al Burgers equations via a new semi-analytical method, Comput  
Math Appl, 2021;96:55-66,  
https://doi.org/10.1016/j.camwa.2021.03.026. 

12. Safari F, Sun H. Improved singular boundary method and dual reci-
procity method for fractional derivative Rayleigh-Stokes problem. En-
grg Comput 2021;37:3151-3166 . https://doi.org/10.1007/s00366-
020-00991-3 

13. Safari F, Chen W. Coupling of the improved singular boundary 
method and dual reciprocity method for multi-term time-fractional 
mixed diffusion-wave equations, Comp Math Appl, 2019;78(5):1594-
1607, https://doi.org/10.1016/j.camwa.2019.02.001. 

14. Safari F, Jing L, Lu J, Chen W. A meshless method to solve the 
variable-order fractional diffusion problems with fourth-order deriva-
tive term, Engrg Anal Bound Elem, 2022;143:677-686,  
https://doi.org/10.1016/j.enganabound.2022.07.012.   

15. Jafari H, Khalique CM, Nazari M. Application of the Laplace decom-
position method for solving linearand nonlinear fractional diffusion-
wave equations. Appl. Math. Lett. 2011;24:1799-1805.  

16. Carpinteri A, Mainardi F. Fractals and Fractional Calculus in conti-
num mechanics, Springer-Verlag Wien GmbH, 1997.  

17. Mohamed ZM, Hamza AE, Sedeeg AKH. Conformable double Su-
mudu transformations an efficient approximation solutions to the frac-
tional coupled Burgers equation, Ain Shams Engineering Journal, 
2022:101879,https://doi.org/10.1016/j.asej.2022.101879. 

18. Mohamed ZM, Yousif M, Hamza AE. Solving Nonlinear Fractional 
Partial Differential Equations Using the Elzaki Transform Method and 
the Homotopy Perturbation Method,  Abstract and Applied Analysis, 
2022:4743234, https://doi.org/10.1155/2022/4743234 

19. Mohamed ZM, Elzaki TM, Algolam MS, Abd Elmohmoud EM, Hamza 
AE. New Modified Variational Iteration Laplace Transform Method 
Compares Laplace Adomian Decomposition Method for Solution 
Time-Partial Fractional Differential Equations, J. Appl. Math, 
2021:6662645, https://doi.org/10.1155/2021/6662645 

Acknowledgments: Authors are most thankful to the handling editor and 
reviewers for their constructive suggestions and queries which has great-
ly helped in improving the quality of the manuscript.  

Andrew Omame:  https://orcid.org/0000-0002-1252-1650 

Fiazud Din Zaman:  https://orcid.org/0000-0002-6498-0664 

 

https://doi.org/10.1016/j.aml.2019.106011
https://doi.org/10.1016/j.aej.2016.12.021
https://doi.org/10.1155/S0161171201010249
https://doi.org/10.1186/s13662-020-02619-8
https://doi.org/10.1186/s13662-020-02619-8
https://doi.org/10.1515/phys-2017-0005
https://doi.org/10.1155/2016/4626940
https://doi.org/10.1007/s00366-020-00991-3
https://doi.org/10.1007/s00366-020-00991-3
https://doi.org/10.1016/j.camwa.2019.02.001
https://doi.org/10.1016/j.enganabound.2022.07.012
https://doi.org/10.1016/j.asej.2022.101879
https://doi.org/10.1155/2022/4743234
https://doi.org/10.1155/2021/6662645
https://orcid.org/0000-0002-1252-1650
https://orcid.org/0000-0002-6498-0664
https://orcid.org/0000-0002-1252-1650
https://orcid.org/0000-0002-6498-0664

