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Abstract: The present study deals with fluid flow, heat transfer and entropy generation in a two-dimensional channel filled with Cu–water 
nanoliquid and containing a hot block. The nanoliquid flow is driven along the channel by a constant velocity and a cold temperature  
at the inlet, and the partially heated horizontal walls. The aim of this work is to study the influence of the most important parameters such 
as nanoparticle volume fraction (0%≤ϕ≤4%), nanoparticle diameter (5 nm≤dp≤55 nm), Reynolds number (50≤Re≤200), Hartmann  
number (0≤Ha≤90), magnetic field inclination angle (0≤γ≤π) and Brownian motion on the hydrodynamic and thermal characteristics  

and entropy generation. We used the lattice Boltzmann method (LBM: SRT-BGK model) to solve the continuity, momentum and energy 
equations. The obtained results show that the maximum value of the average Nusselt number is found for case (3) when the hot block  
is placed between the two hot walls. The minimum value is calculated for case (2) when the hot block is placed between the two insulated 
walls. The increase in Reynolds and Hartmann numbers enhances the heat transfer and the total entropy generation. In addition,  
the nanoparticle diameter increase reduces the heat transfer and the irreversibility, the impact of the magnetic field inclination angle  
on the heat transfer and the total entropy generation is investigated, and the Brownian motion enhances the heat transfer and the total  
entropy generation. 
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1. INTRODUCTION   

In the last few decades, simulation of flow, convective heat 
transfer and irreversibility in channels has attracted considerable 
attention due to various industrial applications, such as air condi-
tioning systems in buildings, cooling of electronic components, 
compact heat exchangers and biomedical equipment. Several 
research studies are developed in this context using different 
emerging CFD methods, such as finite volume method, finite 
element method and lattice Boltzmann method (LBM).  

Recently, the LBM based on the LB equation has been viewed 
as a novel alternative to discretisation methods. This technique is 
a powerful approach for scrutinising fluid flow and heat transfer 
difficulties because it is a second-order accuracy in both time and 
space; it is easy to code and may be used to handle the extended 
range of flow regimes ranging from microscopic to continuum 
scales. Besides, the application of the LBM technique has re-
ceived continuous interest in the last decades for the simulation of 
classic and emerging CFD [1-2].   

Since the importance of the heat transfer phenomenon and its 
applications in various fields, it is necessary to present a few 
examples of research work, interlaced by the various parameters 
and various boundary condition influencing the rate of heat trans-
fer. Mishra et al. [3] studied the forced convection heat transfer 
from an isothermal heated cone in Bingham plastic fluids using 
the finite element method. They found that the heat transfer rate 

exhibits a positive dependence on Reynolds and Prandtl numbers. 
Kim [4] used the finite element method to study the forced convec-
tion heat transfer and fluid flow between parallel plates under 
uniform heat flux. They concluded that the formulation for the 
Nusselt number has been derived based on the analytically de-
scribed velocity and flow rate. Peyghambarzadeh et al. [5] studied 
the forced convection and sub cooled flow boiling heat transfer to 
pure water and n-heptane in an annular heat exchanger using 
experimental correlations. They concluded that although n-
heptane leaves the heat exchanger warmer at similar operating 
conditions, it has a less heat transfer coefficient than water, and 
the heat transfer coefficient is a direct function of heat flux, sub 
cooling temperature and fluid flow rate. Arastehet al. [6] performed 
a 2-D numerical study of hydrothermal performance of a porous 
sinusoidal double-layered heat sink using silver–water nanofluid in 
a laminar regime. They showed that the dimensionless optimum 
porous thicknesses are equal to 0.8, 0.8 and 0.2 for the cases 
when Darcy numbers are equal to10-4, 10-3 and 10-2, respective-
ly. The maximum performance evaluation criteria number equal to 
2.12 is obtained for the case with Darcy number equal to 10-2, 
Reynolds number equal to 40, and volume fraction of nanoparti-
cles equal to 0.04.Farooq et al. [7] studied the 3D bioconvection 
flow of carreau nanofluid in the presence of thermal radiation. The 
results show that a higher temperature profile is observed with 
higher values of thermal Biot number, exponential basic sink 
parameter and thermal relaxation, while a decrease in tempera-
ture is observed with an increase in mixed convection. Also, they 
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found that the concentration profile shows a growing tendency 
with the mass concentration parameter and the concentration 
relaxation parameter, and the microorganism field depends direct-
ly on the Peclet number and bioconvection Lewis number. Xiong 
et al. [8] explained the important aspects of viscous dissipation on 
the magneto-cross-nanofluid flow crossed by a needle placed in a 
porous environment. As we know, the heat transfer of the most 
conventional fluids is not suitable for many actual processes due 
to the low thermal conductivity. Adding nanoparticles to the base 
fluid is a new idea for improving heat transfer in these types of 
fluid, named ‘nanofluids’. Santra et al. [9] used the control volume 
approach to investigate the heat transfer enhancement due to 
nanofluid flow through two isothermally heated parallel plates. The 
obtained results show that the increase in the solid volume frac-
tion improves the heat transfer rate. Heidary and Kermani [10] 
investigated the flow and heat transfer in sinusoidal wall channel 
crossed with the Cu–water nanofluid. They concluded that the 
heat transfer increases with the increasing nanoparticle volume 
fraction and Reynolds numbers. Minakov et al. [11] experimentally 
studied the forced convection of nanofluids with CuO nanoparti-
cles in a copper tube of a length of 1 m, an outer diameter of 6 
mm and an inner diameter of 4 mm. The average heat transfer 
coefficient increased with the mass flow rate. The concentration of 
nanoparticles had a significant influence on the dependency of the 
average heat transfer coefficient on the flow rate. Ma et al. [12] 
investigated the convective heat transfer of the Al2O3–water in a 
bent channel using the LBM. The results of this study show that 
the local and average Nusselt numbers increased with the in-
creasing nanoparticle volume fraction, regardless of the Re and 
vertical passage ratio. Moreover, the effect of the nanofluid con-
centration on the increment of heat transfer was more remarkable 
at higher values of the Reynolds number. Simulations show that 
by increasing the Reynolds number or decreasing the vertical 
passage ratio, the local and average Nusselt numbers increase. 
Ramin et al. [13] analysed thermal and hydrodynamic characteris-
tics of Al2O3/Cu–water hybrid nanofluid in a 3D sinusoidal double-
layered microchannel heat sink. They found that the sinusoidal 
shape of the microchannel walls and addition of solid nanoparticle 
volume fraction (Al2O3/Cu) in the base fluid have a positive effect 
on increasing heat transfer, and the value of Nusselt number 
increases about 23%, 22%, 19% and 13% for Re = 50, 300, 700 
and 1,200, with a nanoparticle volume fraction of 2%. Also, the 
results show that adding nanoparticles to the traditional fluid 
elevates temperature and dynamic viscosity of the base fluid. 
Mohebbi et al. [14] studied the forced convection heat transfer 
from surface mounted blocks attached to the bottom wall of a 
horizontal channel with the Cu–water nanofluid using the second-
order LBM. The results show that heat transfer in channels can be 
enhanced by using the block on the walls and adding nanoparti-
cles. There is a maximum value of 39.04% increase in the aver-
age heat transfer coefficient for the all examined cases compared 
to the base fluid. Lotfi et al. [15] studied the forced convective heat 
transfer of Al2O3–water in horizontal tubes using the two-phase 
Eulerian model. The results show that the rate of thermal en-
hancement decreases with the increase of nanoparticle volume 
concentration. Mahian et al. [16] studied the advantages of using 
nanofluids. The results show that the addition of nanoparticles and 
the use of smaller size nanoparticles lead to higher heat transfer 
improvement rates. Almohammadi et al. [17] experimentally inves-
tigated the thermal conductivity of Al2O3–water in the laminar flow 
regime in a circular tube. The results emphasise that the average 
heat transfer coefficient is improved by 27% and 20% for a vol-

ume concentration of Al2O3 equal to 1% and 0.5%, respectively, 
compared to the base fluid. Heris et al. [18] experimentally inves-
tigated the laminar flow convective heat transfer through a circular 
tube crossed with CuO–water and Al2O3–water. The obtained 
results show that the higher heat transfer enhancement is ob-
served for Al2O3–water.Ruhani et al. [19]experimentally studied 
the new model for rheological behaviour of silica–ethylene gly-
col/water (30-70 vol.%) hybrid Newtonian nanofluid. The results 
indicate that as the volume fraction increases, the relative viscosi-
ty increases due to the greater dispersion of the nanoparticles in 
water. They found that when the relationship between shear 
stress and shear rate is linear, then the desired fluid is Newtonian. 
Abbasi et al. [20] investigated the blood flow in the presence of 
hybrid nanoparticles through a tapered complex wavy curved 
channel. The results show that the velocity of the blood is abated 
by the nanoparticle concentration and assisted in the non-uniform 
channel. Also, they found that the nanoparticle volume fraction 
and the dimensionless curvature of the channel reduce the tem-
perature profile. 

Recently, the control of nanofluid flow and forced convection 
heat transfer in channels is realised by the application of magnetic 
field. In this context, Mehrez and El Cafsi [21] studied the MHD 
forced convection of Al2O3–Cu/water hybrid nanofluid flow over a 
backward-facing step using the finite volume method. The ob-
tained results show that the reattachment length is reduced when 
increasing nanoparticle volume fraction and by decreasing Reyn-
olds number. The average Nusselt number increases by increas-
ing volume fraction of nanoparticles and varies with the Hartmann 
number. Hussain and Ahmed [22] studied the MHD forced con-
vection of Fe3O4-water in horizontal channel over a backward 
facing step including a rotating cylinder. The results show that the 
application of the electromagnetic force leads to diminution of the 
velocity of ferrofluid and improve the drag coefficient. Khan et al. 
[23] numerically investigated the impacts of Hartman number and 
variable thermal conductivity flow on velocity and temperature 
profile of Powell–Eyring fluid. The results show that the velocity 
profile enhances for larger magnetic parameter. Also, they found 
that the temperature profile decreases for increasing the Prandtl 
number (Pr), and enhances for increasing the value of thermal 
conductivity. Chu et al. [24] studied the impact of activation energy 
on bio-convection magnetohydrodynamic flow of third-grade fluid 
over a stretched subsurface. They found that the velocity field is 
declined when rising magnetic parameter. The thermal field and 
associated layer thickness is more subject to larger Brownian 
motion and thermophoresis parameters.  

In another sense, researchers are very interested in the geo-
metric form of the canal walls. In this context Pengand Peterson 
[25] experimentally studied the single-phase forced convective 
heat transfer and fluid flow in a microchannel with a small rectan-
gular hot block. The obtained results show that the geometric 
configurations of the microchannel plate and individual micro-
channels have a critical effect on the single-phase convective heat 
transfer. The laminar and the turbulent convective heat transfer 
are quite different. Toghraie et al. [26] performed a 3D numerical 
study of convective heat transfer through a microconcentric annu-
lus governing non-uniform heat flux boundary conditions employ-
ing water–Al2O3nanofluid. They showed that the model (when the 
exposing surface area is divided axially) leads to higher Nusselt 
numbers compared to the model when the exposing surface area 
is divided radially. Also, they found that the average Nusselt num-
ber is increased up to 142% and 83% when the exposing surface 
area is divided radially to eight parts with a Reynolds number 
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equal to 10 and when the model when the exposing surface area 
is divided axially to eight parts with a Reynolds number equal to 
1,000, respectively. Moraveji and Toghraie [27] studied the im-
pacts of a number of inlets, tube length and diameter of the cold 
outlet on temperature and on flow rates passing in the vortex tube. 
Their results showed that the increase in the diameter and the 
length of the vortex tube have positive impacts on the passing 
flow rate from a cold outlet. Also, they conclude that the tempera-
tures at both outlets decreased as the number of inlets increased, 
while an increase is observed as the radius of the cold outlet is 
increased. Togun [28] numerically investigated simulation by 
using the finite volume method, the CuO–nanofluid and heat 
transfers in a backward-facing step with and without obstacles. 
The obtained results show that the maximum augmentation in 
heat transfer was about 22% for the backward-facing step with an 
obstacle of 4.5 mm and using CuO nanoparticles at a Reynolds 
number of 225 compared to the backward-facing step without an 
obstacle. It is also observed that the increase in the size of the 
recirculation region with an increase in the height obstacle on the 
channel wall has a remarkable effect on thermal performance. 
The results also found that the pressure drop increases by an 
increasing Reynolds number, obstacle height and volume frac-
tions of CuO nanoparticles. Alamyane and Mohamad [29] investi-
gated the forced convection heat transfer in a two-dimensional 
channel with extended surfaces, the computed results show that 
the spacing between extended surfaces and their height directly 
affects the heat transfer process, and the Nusselt number is de-
creased as the spacing is increased. In addition, as the Reynolds 
number increases the heat transfer rate also increases. Anas and 
Mussa [30] studied the forced convection in a channel with a wing 
shaped block using the finite volume method. The obtained results 
revealed that the heat transfer depends on the form of the block. 
Two directions of the flow are studied, and the maximum value of 
heat transfer is detected at the case when the flow comes from 
the left side. Yang et al. [31] investigated forced convection in a 
horizontal parallel plate channel with a transverse fin located at 
the lower wall using the control volume method. The obtained 
results show that the temperature profiles exhibit a great depend-
ence on the value of ratio of fin length to fin height. Maia et al. [32] 
studied the forced convective heat transfer in laminar flow of non-
Newtonian fluids in ducts with an elliptical section using the gen-
eralised integral transform technique (GITT). The obtained results 
exhibit a strong dependence of the heat transfer parameters with 
the aspect ratio. Khodabandeh et al. [33] analysed the heat trans-
fer of water nanofluid/grapheme nanoplatelet–sodium in a micro-
channel in the presence of sinusoidal cavities with rectangular 
ribs. Their results showed that this configuration of the micro-
channel can have a substantial increase in the Nusselt number 
and heat transfer. The average Nusselt number increases about 
20% when the nanoparticle mass fraction is equal to 0.1% com-
pared with the base fluid. Fanambinantsoa et al. [34] investigated 
the forced convection in a rectangular channel with a sinusoidal 
protuberance. They concluded that a change in the magnitude of 
the protrusion significantly affects the heat transfer. Besides, the 
heat transfer is more intense in the area where the vortex zones 
are created. Buyruk and Karabulut [35] analysed numerically 
(FLUENT) the heat transfer in a rectangular channel filled with air 
for different types of fins. The results show that the pressure drop 
increases when using a channel with zigzag on the lower plate 
compared to the flat channel. Dixit and Patil [36] experimentally 
investigated the heat transfer between two plates with three forms 

of fins such as simple fins, fins with inclined groove (V) and fins 
with multiple (V). The results show that the fin with inclined groove 
had the highest value of enhancement among all fin types. Most 
of the research studies cited before considered the importance of 
the geometric shape of the obstacle in heat transfer, and the 
obtained results show that the complexity of the shape of the 
obstacle implies a variation in the heat transfer rate.  

Entropy generation is among the most important parameters 
in heat transfer problems [37–41], and it was found that the total 
entropy generation number depends on many parameters such as 
the volume fraction of nanoparticles, Reynolds number and Hart-
mann number. 

In the present work, 2D numerical simulations of the MHD 
forced convective flow in a channel with a heat source and the 
partially heated walls are studied. The novelty of this work com-
pared to the existing literature is the study involving nanoliquid 
forced convection with different boundary conditions (insulated–
hot–insulated–hot–insulated) and the position of the hot block, 
which is placed inside the channel. This position is optimised 
based on the calculation of entropy generation. To the authors’ 
best knowledge, this study is not undertaken in the open literature 
in the presence of uniform magnetic field. For this specific prob-
lem, Brownian motion is taken into account and compared with 
the cases without Brownian motion. Also, this study gathers many 
other studies dealing with the Reynolds effect, Hartman number 
effect, nanoparticle concentration effect, nanoparticle diameter 
effect and magnetic field inclination angle effect. 

2. PROBLEM STATEMENT  

The physical problem of the current study consists of a two-
dimensional channel of length L and height H (L/H=6) crossed by 
Cu–water nanoliquid and containing a heat source Fig. 1. 

The nanoliquid flow is driven along the channel by a constant 
velocity Uin and a cold temperature Tin at the inlet. Parts of the 
channel walls, located near the entrance, the middle and the 
outlet of the channel are insulated (L1=L2/2 and L2=L3=b). At the 
remaining parts, a uniform temperature of nanoliquid flow is equal 
to 1 (Tw=1). A uniform magnetic field is applied. Its orientation 
forms an angle γ with the horizontal plate. The nanoliquid is simu-
lated using the single-phase model, Newtonian, laminar and 
incompressible. The thermo-physical properties of water and Cu 
nanoparticles are displayed in Tab.1. 

Tab. 1. Physical properties of water and Cu nanoparticles [7] at 20C  

Physical property Water Cu 

𝑪𝒑(𝑱. 𝒌𝒈−𝟏. 𝑲−𝟏) 4181.8 383.1 

𝝆(𝒌𝒈. 𝒎−𝟑) 1,000.52 8,954 

𝒌(𝑾. 𝒎−𝟏. 𝑲−𝟏) 0.597 386 

𝜷(𝑲−𝟏) 21 × 10−5 51 × 10−6 

𝝈(𝛀. 𝒎)−𝟏 0.05 2.7 × 10−8 

𝝁 × 𝟏𝟎𝟒(𝒌𝒈 𝒎. 𝒔⁄ ) 8.55 - 
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Fig. 1. Physical configuration

3. MATHEMATICAL FORMULATION  
AND BOUNDARY CONDITIONS 

3.1.  Mathematical formulation 

The governing Eqs (1–4) are made dimensionless using the 
following variables: 

X =
𝑥

𝐻
 , Y =

𝑦

𝐻
, U =

𝑢

𝑢𝑖𝑛
, V =

𝑣

𝑢𝑖𝑛
, Pr =

𝑣𝑛𝑙

𝛼𝑛𝑙
,  

θ =
𝑇−𝑇𝑖𝑛

𝑇𝑤−𝑇𝑖𝑛
, Re =

𝑢𝑖𝑛𝐷ℎ

𝑣𝑛𝑙
, P =

𝑝

𝑢𝑖𝑛
,2 , Ha = H𝐵0√

𝜎𝑛𝑙

𝜇𝑛𝑙
  

Accordingly, the governing equations are given as follows: 

∂U

∂X
+

𝜕𝑉

𝜕𝑌
= 0  (1) 

𝑈
∂U

∂X
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑋
+

1

𝑅𝑒
(

𝜕2U

∂𝑋2 +
𝜕2U

∂𝑌2) +  

𝐻𝑎2

𝑅𝑒
(𝑉 sin(𝛾) cos(𝛾) − 𝑈𝑠𝑖𝑛2(𝛾))   

(2) 

𝑈
∂V

∂X
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

1

𝑅𝑒
(

𝜕2V

∂𝑋2 +
𝜕2V

∂𝑌2) +  

𝐻𝑎2

𝑅𝑒
(𝑈 sin(𝛾) cos(𝛾) − 𝑉𝑐𝑜𝑠2(𝛾))  

(3) 

𝑈
∂θ

∂X
+ 𝑉

𝜕𝜃

𝜕𝑌
=

1

𝑃𝑟.𝑅𝑒
(

𝜕2𝜃

𝜕𝑋2 +
𝜕2𝜃

𝜕𝑌2)  (4) 

4. BOUNDARY CONDITIONS 

At the inlet of channel, 

U = 1; V = 0; θ = 0            (5) 

At the outlet of channel, 

∂U

∂x
=

∂V

∂x
= 0             (6) 

∂θ

∂x
= 0              (7) 

At the hot block, 

U = 0; V = 0; θ = 1            (8) 

5. NUMERICAL PROCEDURE 

5.1.  Solution method 

The LBM has been successfully used in various classic and 
emerging scientific and engineering fields [29, 41, 48]. LBM has 
several advantages over other conventional CFD methods, espe-
cially in dealing with complex boundaries, incorporating micro-
scopic interactions and parallelisation of the algorithm. A different 
interpretation of the lattice Boltzmann equation (LBE) is that of a 
discrete-velocity Boltzmann equation. The numerical methods for 
the solution of partial differential equations give rise to a discrete 
map, which can be interpreted as the propagation and collision of 
fictitious particles. To simulate flow and heat transfer in a two-
dimensional channel, the LBM is used with the D2Q9 model Fig. 2 
(a) for the dynamic field and with the D2Q4 for the thermal field 
Fig. 2 (b), and the selected grid size is uniform (∆𝑥 = ∆𝑦 = 1). 

The LBE with an external term force is solved using the BGK 
approximation. Consequently, the obtained LBE with a single 
relation time is written as follows:  

𝑓𝑘(𝑥 + 𝑐𝑘∆𝑡, 𝑡 + ∆𝑡) = 

𝑓𝑘(𝑥, 𝑡) +
∆𝑡

𝜏
[𝑓𝑘

𝑒𝑞(𝑥, 𝑡) − 𝑓𝑘(𝑥, 𝑡)] + ∆𝑡𝐹𝑘 

(9) 

https://en.wikipedia.org/wiki/Boltzmann_equation
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where ∆𝑡, 𝜏, 𝑐𝑘 , 𝐹𝑘𝑎𝑛𝑑𝑓𝑘
𝑒𝑞

denote, respectively, the lattice time 

step, relaxation time, discrete lattice velocity in direction (𝑖) , 
external force in the direction of lattice velocity and the equilibrium 
distribution function. 

 

  
                    (a)                    (b) 

Fig. 2. D2Q9- D2Q4 models: for the velocity field (a)  
           and for temperature field (b) 

5.2. LBE for dynamic and thermal fields 

For the dynamic field, 

𝑓𝑘(𝑥 + 𝑐𝑘∆𝑡, 𝑡 + ∆𝑡) = 

𝑓𝑘(𝑥, 𝑡) +
∆𝑡

𝜏𝑣
[𝑓𝑘

𝑒𝑞(𝑥, 𝑡) − 𝑓𝑘(𝑥, 𝑡)] + ∆𝑡𝑐𝑘𝐹𝑘 

(10) 

For the temperature field, 

𝑔𝑘(𝑥 + 𝑐𝑘∆𝑡, 𝑡 + ∆𝑡) = 

𝑔𝑘(𝑥, 𝑡) +
∆𝑡

𝜏𝑔

[𝑔𝑘
𝑒𝑞(𝑥, 𝑡) − 𝑔𝑘(𝑥, 𝑡)] 

(11) 

where 𝜏𝑣and𝜏𝑔are the relaxation times for the flow and tempera-

ture fields, and𝑓𝑘
𝑒𝑞

and 𝑔𝑘
𝑒𝑞

 are the equilibrium distribution func-

tions given for the D2Q9-D2Q4 models, respectively,which are 
given as follows: 

𝑓𝑘
𝑒𝑞

= 𝜌𝜔𝑘 [1 + 3
𝑐𝑘 . 𝑢𝑖

𝑐2 +
9(𝑐𝑘. 𝑢𝑖)2

2𝑐4 −
3𝑢𝑖

2

2𝑐2] 
(12) 

𝑔𝑘
𝑒𝑞

= 0.25𝜃[1 + 2𝑐𝑘. 𝑢𝑖] 
(13) 

For the D2Q9, the weighting factors and the discrete particle 
velocity vectors are defined as follows:  

(

𝜔𝑘

𝑐𝑘,𝑥

𝑐𝑘,𝑦

) = (

4

9
,
1

9
,
1

9
,
1

9
,
1

9
,

1

36
,

1

36
,

1

36
,

1

36
0, 1, 0, −1, 0, 1, −1, −1,1
0, 0, 1, 0, −1, 1, 1, −1, −1

) 

The macroscopic quantities are calculated by the following 
equations: 

𝜌(𝑥, 𝑦) = ∑ 𝑓𝑘

𝑘=0−8

 
(14) 

𝜌𝑢(𝑥, 𝑡) = ∑ 𝑓𝑘𝑐𝑘 + ∆𝑡𝐹

𝑘=0−8

 
(15) 

𝜃 = ∑ 𝑔𝑘

𝑘=0−4

 
(16) 

5.3. LB boundary condition treatment 

One of the important and crucial issues in LBM simulation of 
flow and temperature is accurate modelling of the boundary condi-
tions.  

5.3.1. Hydrodynamic boundary conditions 

At the inlet, the unknown distribution functions are calculated 
using the boundary condition proposed by Zou and He[42] as 
follows: 

𝜌𝑖𝑛 =
𝑓0 + 𝑓1 + 𝑓2 + 𝑓4 + 2(𝑓3 + 𝑓6 + 𝑓7)

1 − 𝑢𝑖𝑛
 

(17) 

𝑓1 = 𝑓3 +
2

3
𝜌𝑢𝑖𝑛 

(18) 

𝑓5 = 𝑓7 +
1

2
(𝑓4 − 𝑓2) +

1

6
𝜌𝑢𝑖𝑛𝑙𝑒𝑡 

(19) 

𝑓8 = 𝑓6 +
1

2
(𝑓4 − 𝑓2) +

1

6
𝜌𝑢𝑖𝑛𝑙𝑒𝑡 

(20) 

At the outlet, a second-order extrapolation scheme is used by 
Mohamad [43]: 

𝑓3(𝑛, 𝑗) = 2 × 𝑓3(𝑛 − 1, 𝑗) − 𝑓3(𝑛 − 2, 𝑗) 
(21) 

𝑓6(𝑛, 𝑗) = 2 × 𝑓6(𝑛 − 1, 𝑗) − 𝑓6(𝑛 − 2, 𝑗) 
(22) 

𝑓7(𝑛, 𝑗) = 2 × 𝑓7(𝑛 − 1, 𝑗) − 𝑓7(𝑛 − 2, 𝑗) 
(23) 

The bounce-back boundary condition is applied on all solid 
boundaries. For instance, for the top boundary, the following 
conditions are imposed: 

𝑓4(𝑖, 𝑚) = 𝑓2(𝑖, 𝑚) (24) 

𝑓7(𝑖, 𝑚) = 𝑓5(𝑖, 𝑚) (25) 

𝑓8(𝑖, 𝑚) = 𝑓6(𝑖, 𝑚) (26) 

5.3.2. Thermal boundary conditions 

At the inlet, 

𝑔1 = 𝜃(𝜔(1) + 𝜔(3)) − 𝑔3 
(27) 

𝑔5 = 𝜃(𝜔(5) + 𝜔(7)) − 𝑔7 
(28) 

𝑔8 = 𝜃(𝜔(8) + 𝜔(6)) − 𝑔6 
(29) 

At the outlet, 

𝑔3(𝑛, 𝑗) = 2 × 𝑔3(𝑛 − 1, 𝑗) − 𝑔3(𝑛 − 2, 𝑗) 
(30) 

𝑔6(𝑛, 𝑗) = 2 × 𝑔6(𝑛 − 1, 𝑗) − 𝑔6(𝑛 − 2, 𝑗) 
(31) 

𝑔7(𝑛, 𝑗) = 2 × 𝑔7(𝑛 − 1, 𝑗) − 𝑔7(𝑛 − 2, 𝑗) 
(32) 

At the insulated part of the walls, the bounce-back boundary 
condition (adiabatic) is used on the north and the south bounda-
ries. For instance, for the top boundary, the following conditions 
are imposed: 

𝑔4(𝑖, 𝑚) = 𝑔4(𝑖, 𝑚 − 1) 
(33) 

𝑔7(𝑖, 𝑚) = 𝑔7(𝑖, 𝑚 − 1) 
(34) 

𝑔8(𝑖, 𝑚) = 𝑔8(𝑖, 𝑚 − 1) 
(35) 

At the heated part of the walls, the temperature is known, θ=1, 
for instance, for the top wall, and the following conditions are 
imposed: 
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𝑔4 = 𝜃(𝜔(4) + 𝜔(2)) − 𝑔2(𝑖, 𝑚) 
(36) 

𝑔7 = 𝜃(𝜔(7) + 𝜔(5)) − 𝑔5(𝑖, 𝑚) 
(37) 

𝑔8 = 𝜃(𝜔(8) + 𝜔(6)) − 𝑔6(𝑖, 𝑚) 
(38) 

5.4. Nanoliquid property calculation 

The terms(𝜌𝐶𝑝)𝑛𝑙 , 𝜌𝑛𝑙 , 𝛼𝑛𝑙, the heat capacitance, nanoliquid 
density and the thermal diffusivity are approximated as follows 
[39]: 

(𝜌𝐶𝑝)𝑛𝑙 = (1 − 𝜙)(𝜌𝐶𝑝)𝑙 + 𝜙(𝜌𝐶𝑝)𝑝 
(39) 

𝜌𝑛𝑙 = (1 − 𝜙)𝜌𝑙 + 𝜙𝜌𝑝 
(40) 

𝛼𝑛𝑙 = 𝑘𝑛𝑙/(𝜌𝐶𝑝)𝑛𝑙 
(41) 

Thermal conductivity is given by Koo and Kleinstreuer [45]: 

𝑘𝑛𝑙 = 𝑘𝑠𝑡𝑎𝑡𝑖𝑐 + 𝑘𝐵𝑟𝑜𝑤𝑖𝑛𝑎𝑛 
(42) 

where the static thermal conductivity is based on the Maxwell 
classical equation: 

𝑘𝑠𝑡𝑎𝑡𝑖𝑐 = 𝑘𝑙

𝑘𝑝 + 2𝑘𝑙 − 2𝜙(𝑘𝑙 − 𝑘𝑝)

𝑘𝑝 + 2𝑘𝑙 + 𝜙(𝑘𝑙 − 𝑘𝑝)
 

(43) 

The thermal conductivity is due to the enhanced thermal con-
ductivity by micro-scale convective heat transfer of a particle’s 
Brownian motion: 

𝑘𝐵𝑟𝑜𝑤𝑛𝑖𝑎𝑛 = 5 × 104𝛽𝜙𝜌𝑙𝐶𝑝𝑙√
𝑘𝑏𝑇

𝜌𝑝dp
𝑓(𝑇, 𝜙) 

(44) 

where β and f are two functions that combine the interaction be-
tween nanoparticles: 

𝛽 = 0.0137(100𝜙)−0.8229𝑓𝑜𝑟𝜙 < 1% 
(45) 

𝛽 = 0.0011(100𝜙)−0.7272𝑓𝑜𝑟𝜙 > 1% 
(46) 

𝑓(𝑇, 𝜙) = (−6.04𝜙 + 0.4705)𝑇 + 

(1.7223𝜙 − 134.63)𝑓𝑜𝑟1% ≤ 𝑓 ≤ 4% 

(47) 

This equation is valid for temperatures in the range 

of300𝐾 ≤ 𝑇 ≤ 325𝐾.  
The effective viscosity of the nanoliquid is given by Koo and 

Kleinstreuer as [44, 45]: 

𝜇𝑒𝑓𝑓 = 𝜇𝑠𝑡𝑎𝑡𝑖𝑐 + 𝜇𝐵𝑟𝑎𝑤𝑛𝑖𝑎𝑛 
(48) 

where  𝜇𝑠𝑡𝑎𝑡𝑖𝑐 is the static viscosity of the nanoliquid and 

𝜇𝐵𝑟𝑜𝑤𝑛𝑖𝑎𝑛  is the effective viscosity due to Brownian motion: 

𝜇𝑠𝑡𝑎𝑡𝑖𝑐 =
𝜇𝑙

(1 − 𝜙)2.5
 (49) 

𝜇𝐵𝑟𝑜𝑤𝑛𝑖𝑎𝑛 = 5 × 104𝛽𝜙𝜌𝑙√
𝑘𝑏𝑇

𝜌𝑝d𝑝
𝑓(𝑇, 𝜙) 

(50) 

The electrical conductivity of the nanoliquid is giving by Max-
well’s model: 

𝜎𝑛𝑙 = 𝜎𝑙 [1 +
3(𝜎𝑠 𝜎𝑙 − 1⁄ )𝜙

(𝜎𝑠 𝜎𝑠⁄ + 2) − (𝜎𝑠 𝜎𝑙⁄ − 1)𝜙
] 

(51) 

5.5. Physical quantities of interest 

5.5.1. Nusselt number 

The convective heat transfer is described using the local and 
average Nusselt number along the hot wall, and the local Nusselt 
number is expressed as follows: 

𝑁𝑢 = −
𝑘𝑛𝑙

𝑘𝑙
(

𝜕𝜃

𝜕𝑌
)|

𝑌=0
 

(52) 

The average Nusselt number is expressed as follows: 

𝑁𝑢𝑎𝑣𝑔 =
1

𝐿
∫ 𝑁𝑢

𝐿

0

𝑑𝑋 
(53) 

where L is the channel length.  

5.5.2. Entropy generation: 

The local dimensionless entropy generation is the result of the 
sum of the irreversible heat transfer, fluid friction and magnetic 
field [46]: 

𝑆𝑔𝑒𝑛 = 𝑆𝑔𝑒𝑛,ℎ + 𝑆𝑔𝑒𝑛,𝑣 + 𝑆𝑔𝑒𝑛,𝑀 
(54) 

The first term relative to the heat transfer irreversibility is as 
follows: 

𝑆𝑔𝑒𝑛,ℎ =
𝑘𝑛𝑙

𝑘𝑙
[(

𝜕𝜃

𝜕𝑋
)

2

+ (
𝜕𝜃

𝜕𝑌
)

2

] 
(55) 

The second term corresponding to the fluid friction irreversibil-
ity is as follows: 

𝑆𝑔𝑒𝑛,𝑣 = 𝜒
𝜇𝑛𝑙

𝜇𝑙
{2 [(

𝜕𝑈

𝜕𝑋
)

2

+ (
𝜕𝑉

𝜕𝑌
)

2

] + [(
𝜕𝑈

𝜕𝑌
) + (

𝜕𝑉

𝜕𝑋
)]

2

} 
(56) 

The last term associated with the magnetic field irreversibility 
is as follows: 

𝑆𝑔𝑒𝑛,𝑀 = 𝜒 × 𝐻𝑎2 × [(1 − 𝜙) + 𝜙
𝜌𝑠

𝜌𝑙
]

× [𝑈 sin(𝛾) − 𝑉 cos(𝛾)]2 

(57) 

where 𝜒represents the irreversibility factor and is given by [45]: 

𝜒 =
𝜇𝑙𝑇𝑖𝑛𝑈𝑖𝑛

2

𝑘𝑙(𝑇𝑤 − 𝑇𝑖𝑛)2 
(58) 

The Bejan number (Be), which is important while discussing 
the entropy generation, is defined as the ratio of entropy genera-
tions due to heat transfer and total entropy generation: 

𝐵𝑒𝐿𝑜𝑐𝑎𝑙 =
𝑆𝑔𝑒𝑛,ℎ

𝑆𝑔𝑒𝑛
 

(59) 

The total entropy generation,  𝑆𝑔𝑒𝑛 ,  and the Bejan number, 

Be, are calculated by the integration over the whole domain Ω as 
follows: 

𝑆𝑔𝑒𝑛 = ∬ 𝑆𝑔𝑒𝑛𝑑𝑋𝑑𝑌𝑎𝑛𝑑𝐵𝑒 = ∬ 𝐵𝑒𝑙𝑜𝑐𝑎𝑙𝑑𝑋𝑑𝑌
ΩΩ

 
(60) 
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6. GRID INDEPENDENCE TEST AND CODE VALIDATION 

The grid sensitivity is tested to let our code giving accurate in-
dependent solution. Tab. 2 shows the effect of grid size on the 
Nuavg through the two-dimensional channel. The grid node 
60x360 is the appropriate and is selected for the next computa-
tions. 

The case of two-dimensional heated channel crossed with 
cold air (Pr=0.71) was taken as a benchmark test in order to 
ensure that the obtained results are reliable. The channel was 
heated from its top and bottom walls. 

Tab. 2. Dependence of Nuavg on mesh resolution  

              for Re = 150 and 𝜙= 0.02 

Mesh 30 x 180 60 x 360 90 x 540 120 x 720 

𝑵𝒖𝒂𝒗𝒈 12.32 11.65 11.73 11.97 

First, the velocity profiles at different sections of the channel 
are compared with those obtained by [37-47-48](Fig. 3) (a). Sec-
ond, the velocity profile are compared to the analytical solution for 
the fully developed flow between two parallel plates Fig. 3 (b). 
Results show a good agreement for the two cases. We conclude 
that the results of Fortran code calculations are acceptable. 

 
(a) 

 
(b) 

Fig. 3. Comparison of the velocity profiles at different channel sections 
  with literature findings (a) and analytical solution (b) 

7. RESULTS AND DISCUSIONS 

In the following sections, a numerical investigation has been 
carried out to appraise the effects of emerging parameters on the 
MHD hydrodynamic and thermal characteristics and entropy 
generation inside a channel crossed by Cu–water nanoliquid with 
a constant velocity and driven by a cold temperature at the inlet 
containing a heat source. Particular efforts have been focused on 
the effects of key parameters such as Reynolds number (Re =50–

200), nanoparticle volume fraction (𝜙 = 1% − 4%), nanoparti-
cle diameter (dp=5–45nm), Hartmann number (Ha =0–90) and the 
magnetic field inclination angle (𝛾 = 0 − 𝜋), on the convective 
nanoliquid flow, heat transfer and the second law analysis inside 
the studied configuration. The Brownian motion is taken into 
consideration via the theoretical models of Koo and Kleinstreur 
(43) for nanoliquid thermal conductivity and dynamic viscosity. In 
this study, the case in which the heat source is placed in the 
middle of the channel (case 2) is adopted, due to the maximum 
value of the average Nusselt number detected in this position of 
the block. 

7.1.  Heat source position effects 

Fig. 4 presents the variation of the heat transfer as a function 
of the heat source position. It is seen that the heat transfer, which 
is described by the average Nusselt number, is minimum when 
the heat source is placed near the insulated wall. In this position, 
the heat exchange is produced only between the heat source and 
the nanoliquid. The heat exchange is remarkable when the heated 
block is placed near the active walls. The heat transfer is trans-
ferred by convection between the heat source and the walls of the 
channel by means of the nanoliquid. Besides, the nanoliquid is 
rapidly heated by the heat source and the walls. 

 
Fig. 4. Variation of average Nusselt number for different positions  

 of the heated obstacle 

7.2. Nanoparticle volume fraction effects 

Fig. 5 shows the effect of the copper nanoparticle volume frac-
tion on the heat transfer (a), Sgen (b) and Be (c) for different Re 

numbers at Ha=50, dp=25nm and𝛾 = 0. It is seen clearly that the 

increase in ϕ leads to enhance the heat transfer in the bottom 

wall. Besides, the addition of nanoparticles to the base fluid caus-
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es the augmentation of the thermal conductivity in the channel 
consequently the heat transfer increases Fig. 5 (a). 

The impact of the nanoparticle volume fraction on the entropy 
generation for different Re numbers is depicted in Fig. 5 (b). The 
enhancement of heat transfer increases the total entropy genera-

tion in the channel. Besides, as 𝜙 increases, the heat transfer and 
the viscosity of the mixture in the medium increase, this led to 
improve the heat transfer and the fluid friction irreversibility. The 
evolution of the Be number versus the nanoparticle volume frac-

tion is illustrated in Fig. 5 (c). The Be number increases as ϕ 

increases. This result indicated that the convective mode is domi-
nant. It can be concluded that the profiles of Nuavg, Sgen and Be 
increase, and these performances are due to enhancing the ther-
mal conductivity of nanoliquid. 

a) 

 
b) 

 
c) 

 
Fig. 5. Variations of the Nuavg; a) Sgen; b) and Be; c) as a function  
           of nanoparticles volume fraction for different Re numbers  
           for Ha = 50, dp = 25 nm and γ = 0 

7.3. Nanoparticle size effects 

Fig. 6 describes the influence of nanoparticle diameter on 
Nuavg (a), Sgen (b) and Be (c) for different nanoparticle volume 
fraction at Re =150, Ha=50 and 𝛾 = 0. It is clear that the aug-
mentation of the nanoparticle diameter leads to a decrease in the 
heat transfer, the entropy generation and the Bejan number in the 
entire of the channel. We noticed that the curve can be divided 
into two zones: in the first zone (5nm<dp<35nm), the calculated 
parameters (Nuavg, Sgen and Be) are decreasing and degrade 
rapidly, but in the second zone (dp>35nm), the curve tends to-
wards stabilisation. In case of nanoliquid, decreasing dp leads to a 
higher heat transfer rate as a result of a higher heat transfer sur-
face area (contact area between particles and liquid), aggregation 
of nanoparticles and more intensified Brownian motion, causing 
higher thermal conductivity of the nanoliquid. At a fixed volume 
fraction and decreasing dp, the particle number increases, which 
augments the total surface and therefore contributes to the rise of 
nanoliquid thermal conductivity. 

a) 

 
b) 

 
c) 

 
Fig. 6. Variations of the Nuavg; a) Sgen; b) and Be; c) as a function  
           of nanoparticle diameter for Re = 150, Ha = 50 and γ = 0 
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7.4. Reynolds number effects 

Fig. 7 illustrates the effects of Re numbers on the streamlines 
(left) and isotherms (right) for𝜙 = 2%, dp=25 nm and Ha=50. As 
Re increases, a recirculation zone appears behind the heat 
source Fig. 7 (left). The size and shape of this zone depend on 
the shape of the obstacle and the Reynolds number.  

Fig. 7 (left) presents the streamlines, and the increase in the 
Reynolds number has a direct influence on the streamlines, and 

the lines are more compact when the Reynolds numbers increase, 
and this is due to the enhancement of the inertial force. This can 
be clearly seen in the velocity profile illustrated in Fig. 8. 

Fig. 7 (right) presents the distribution of the isotherms in the 
nanoliquid. The figure indicates that the evolutionary temperature 
contours break down when the Re number of nanoliquid is in-
creased, and this due to reduction of the boundary layer. The 
convection mechanism becomes stronger and isotherms are 
distorted, so temperature gradient near the hot surface augments. 

  
Re=50 

  
Re=100 

  
Re=150 

  
Re=200 

Fig. 7. Streamlines (left) and isotherms (right) for different Reynolds numbers at 𝜙 = 0.02, Ha = 50 and γ = 0 

Fig. 8 shows the variation of Nuavg (a), Sgen (b) and Be (c) 
as a function of Reynolds numbers. The augmentation of Re 
numbers causes to increase the average Nusselt number, and 
consequently, the curve of total entropy generation and the Bejan 
number of the nanoliquid increase. 

In Fig. 8 (a), the Nuavg enhances by 20% when Re numbers 
increase from 50 to 190. The heat transfer of nanoliquid increases 
linearly as a function of Re. As a result, the heat transfer due to 
the convective mode is dominated. 

Fig. 8 (b) depicts the evolution of the total entropy generation 
as a function of Reynolds numbers. It is shown from the figure that 
at a low Reynolds number, the total entropy generation decreas-
es, and the minimum value of the total entropy generation is 

detected for Re=80 equal to 𝑆𝑔𝑒𝑛 = 7.55 × 10−3 . This de-

crease of the curve is caused by the passage of the flow between 
two cold walls, and also because of the decrease of the first term 

of equation (54). For 𝑅𝑒 > 80, the heat transfer due to the con-
vective mode dominates. There is an increase in the velocity of 
the nanoliquid and, by consequence; the second term of Eq. (54) 
dominates the other term of the equation, which indicates a linear 
increase in the curve of the total entropy generation as a function 
of the Reynolds number. 

The impact of Reynolds numbers on the Bejan number is illus-

trated in Fig. 8 (c). It is found that the curve of the Bejan number 
as a function of the Reynolds number tends towards stability. This 
result is due to augmentation of the term relative to heat transfer 
irreversibility. 

Comparing nanoliquid with 𝜙 = 0.04  to the nanoliquid 
with𝜙 = 0.02, it shows that when adding low-volume fractions of 
nanoparticles and/or increasing Reynolds number causes higher 
frictional entropy generation. The addition of low-volume fractions 
of nanoparticles intensifies the hydrodynamic inter-particle interac-
tions, causing a higher viscosity of the nanoliquid. This result is 
due to higher thermal conductivity of nanoparticles. Based on Eq. 
(55), the thermal entropy generation is related to temperature 
gradients. By increasing the nanoparticle volume fraction, the 
nanoliquid viscosity increases, which makes conventionalliquid 
molecules slower and creates a smoother temperature profile by 
stabilising the flow field. 

Fig. 9 describes the variation of the velocity profiles along the 
vertical centreline (a) and the horizontal velocity (b) for different 
Reynolds numbers (Re=50,100,150), Ha=50 and γ=0. The figure 
reveals that the rise in Re reduces the velocity in the regions 
between the walls and the heat source. Fig. 9 (a). The curve is 
divided into three sections: one is linear, and the other are two 
parabolic and symmetric sections. The increase in the Reynolds 
number gives results in a decrease in the amplitude of the vertical 
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velocity profile (direction Y), and on the other hand, the amplitude 
of the horizontal velocity profile (direction X) increases. 

a) 

 
b) 

 
c) 

 
Fig. 8. Variations of the Nuavg; a) Sgen; b) and Be; c) as a function  
            of Re numbers for Ha = 50 and γ = 0 

The profile of the dimensionless horizontal velocity of the 
nanoliquid along the channel centreline for different Reynolds 
numbers (Re=50,100,150), Ha=50 and 𝛾 = 0 is depicted in Fig. 9 

(b). Four zones are in this curve: in the first zone (0 ≤ 𝑋 ≤
0.33)as Re numbers increase, the velocity component and the 
amplitude of the velocity component for the nanoliquid increase, 
and the minimum value of velocity increases about 38.7% when 
the number of Reynolds increases from 50 to 150. For this zone, 
the velocity profile is slightly increased; this is due to the passage 
of the nanoliquid between two cold walls when the slip velocity 
increment of the nanoliquid velocity on boundaries. To conclude, 
the impact of inertial forces dominates in this zone. 

 In the second zone(0.33 < 𝑋 < 0.55), the velocity profile 
is equal to zero because of the presence of the obstacle in the 
middle of the channel. 

The third zone (0.55 ≤ 𝑋 ≤ 0.61)  when the recirculation 
zone is obtained, as Re number decreases, the amplitude of the 
velocity profile for nanoliquid increases. In this zone, the sign of 
the velocity component changes from positive to negative, and the 
minimum value of velocity increases by 59.3% when the number 
of Reynolds increases from 50 to 150. The inertial forces de-
crease, and the impact of viscous forces is presented.  

The last zone(0.61 < 𝑋 ≤ 1) and for the height Reynolds 
number, the minimum value of velocity increases about 99.98% 
when the number of Reynolds increases from 50 to 150. This is 
due to the heat recirculation zone formed behind the block, and it 
is responsible for changing the sign of the velocity. In this zone, 
the heat transfer due to the conductive mode dominates.  

We noticed that the velocity profile depends on the number of 
Reynolds, in both zones after and before the position of the ob-
stacle. As the first zone, the velocity profile is slightly increased, 
which is due to the domination of conductive mode. On the other 
side and after the position of the recirculation zone, the velocity 
profile of the nanoliquid increases rapidly in the same distance, 
this is due to the passage of flow between the hot walls and the 
contact with the outside surface of the hot obstacle. So the 
boundary condition plays a very important role in increasing or 
decreasing the flow rate of nanoliquids; therefore, the viscous 
force directly depends on the limiting condition imposed on the 
walls of the channel. 

a) 

 
b) 

 
Fig. 9. U(0.5, Y); a) U(X, 0.5); b) and θ(X, 0.5)  
            for different Reynolds numbers at Ha = 50 and γ = 0 
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7.5. Effect of Hartmann number 

Fig. 10 presents the evolution of Nuavg (a), Sgen (b) and Be 
(c) as a function of Hartmann number for two Re numbers (100 
and 150). It is seen that heat transfer is enhanced by increasing 
Ha for all values of Re number. Fig. 10 (a). For example, for a 
Reynolds number equal to 100, the inertia force deepens by the 
heightening of the magnetic field. This fact increases the convec-
tive heat transfer mode. 

The impact of magnetic field intensity on the Sgen and Be 
number is depicted in Fig. 10 (b) and (c). It is clear that the total 
entropy generation increases as the Ha number increases. In this 
curve, we have detected an intersection, and this intersection can 
be interpreted by the presence of the recirculation zone, and it has 
been detected when Re is greater than 100, and this zone has an 
opposite effect to the Reynolds number. 

a) 

 
b) 

 
c) 

 
Fig. 10. Variations of the average Nusselt number; a) Sgen ;b) and Be; 
              c) as a function of Ha numbers for 𝜙 = 2% and γ = 0 

Fig. 10 (c) depicts the variation of the Be number in the func-
tion of Hartmann number, and it shows that the mode of heat 
transfer changes from conduction to convection. Besides, the Be 
is reduced by 41.4% for Re=100, while the Be is reduced by about 
33.3% for Re= 150. This happens when the Ha increases from 0 
to 90. This is due to augmentation of the term relative to the heat 
transfer irreversibility Eq. (55). 

a) 

 
b) 

 
c) 

 
Fig. 11. U(0.5, Y); a) U(X, 0.5); b) and θ(X, 0.5); c) for different Ha  
              numbers at Re = 150, 𝜙 = 0.02, dp = 25 nm and γ = 0 

Fig. 11 describes the variation of the velocity profiles along the 
vertical centreline (a), the horizontal velocity (b) and the tempera-
ture profile in the X direction for Ha=0,30,60,90 and Re=150. It 
shows that the flow is fully developed with two parabolic profiles. It 
is noted that the Ha number causes an improvement of the veloci-
ty in the zone between the heat source and the channel walls. Fig. 
11 (a). When increasing the Hartmann number, a positive effect of 
electromagnetic force is shown, so the amplitude of vertical veloci-
ty increases. 
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Fig. 11 (b) illustrates the dimensionless horizontal velocity pro-
files in the X direction for different values of Hartmann number 
(Ha=0, 30, 60 and 90), and it shows that the velocity profile is 
maximum when Ha=0. Four zones in this curve are shown, and 

the first zone is situated between(0 ≤ 𝑋 ≤ 0.33). The ampli-
tude of the velocity profile of nanoliquid decreases when the Ha 
number increases, and the maximum value of the velocity profile 
decreases almost 74.43% when the Hartmann number increases 
from 0 to 90. This is due to the improvement of the term source 
term described in Eqs (2) and (3). In this zone, the electromagnet-
ic force is dominant.  

In the second zone(0.33 < 𝑋 < 0.55), the velocity profile is 
equal to zero due to the presence of the obstacle in the middle of 

the channel. In the third zone (0.55 ≤ 𝑋 ≤ 0.61), a recircula-
tion zone is obtained, and behind the heat source, we can detect 
that the amplitude of the velocity profile increases. The maximum 
value of the velocity profile increases about 20% when the Hart-
mann number increases from 0 to 90. In this zone, the viscous 

force is dominant. For the last zone (0.61 < 𝑋 ≤ 1), the ampli-
tude of velocity profile decreases with an increasing Ha; at the 
same time, the horizontal velocity profile increases. The maximum 
value of the velocity profile decreases almost 89.57% when the 
Hartmann number increases from 0 to 90. This can be explained 
by the domination of the conduction heat transfer mode and the 
effect of Lorentz force. Fig. 11 (c) describes the variation of the 
temperature profiles along the horizontal direction for different 
Hartmann numbers. This figure shows that for all values of the 
Hartmann number, the temperature profile of the nanoliquid in the 
channel increases in the zone behind the heat source. The aug-
mentation of Hartmann number (from 0 to 90) gives a positive 
effect on the amplitude of the temperature profile. As a result, the 
enhancement of Hartmann number gives a diminution of the 
convective heat transfer mode and augmentation of the conduc-
tive heat transfer mode.  

7.6. Effect of magnetic field inclination angle 

Fig. 12 shows the effect of magnetic field inclination angle on 

the Nuavg (left) and Sgen (right) for Ha=50, Re=150 and 𝜙 =
0.02 . In Fig. 12 (a), the average Nusselt number varies with 
different values of 𝛾 . Besides, the heat transfer is maximum 

for(𝛾 = 0, 𝜋 3, 2𝜋 3, 𝜋⁄⁄ ). The result indicates a diminution in 
the Nuavg about 5.65% when the magnetic field inclination angle 

changes from inclination (𝛾 = 0)  to (𝛾 = 𝜋 2⁄ ) .This can be 
explained by the existence of magnetic force in the term of volume 
forces. 

Fig. 12 (b) presents the influence of the magnetic field inclina-
tion angle on the total entropy generation for Re=100 and 150. 
The total entropy generation varies with the magnetic field inclina-
tion angle(𝛾). The main responsibility of this evaluation is the 
increase in the term due to the magnetic field irreversibility. Also, 

when increasing the angle of inclination (𝛾 = 𝜋 2⁄ ),the vertical 
velocity of the flow is increased, and the maximum value of total 
entropy generation is detected. On the other hand, when the 

angle of inclination is equal to zero(𝛾 = 0), the horizontal veloci-
ty is increased, and we can detect the minimum value of the total 
entropy generation. 

 

a) 

 
b) 

 
Fig. 12. Variations of the Nuavg(left) and Sgen (right) versus the magnetic  
              inclination angle for Ha = 50, Re = 150 and 𝜙 = 0.02 

7.7. Effect of Brownian motion 

Fig. 13 illustrates the impact of the Brownian motion on the 

Nuavg (a), Sgen (b) and Be (c) for Re=150, Ha=50 and𝛾 = 0. 
The results show that the average Nusselt number is an increas-
ing function of nanoparticle volume fraction. Fig. 13 (a). As 𝜙in-
creases, the heat transfer becomes very important for the case 
with Brownian motion. Besides, this improvement can be ex-
plained by the high thermal conductivity of the mixture in the 
nanoliquid. The heat transfer is enhanced by 10% for the two 
cases for  1% ≤ 𝜙 ≤ 4% . The collision between the particles 
causes an increase in Brownian diffusivity. Therefore, the Browni-
an motion increases in nanoliquid, which gives an increase in the 
Nuavg. 

Fig. 13 (b) and (c) illustrate the impact of the Brownian motion 
on the total entropy generation and Bejan number, respectively. 
The results show that the  

The curves in Fig. 13 (b) and (c) shows that the variations of 
total entropy generation and the curve of the Bejan number are 
similar to the curve of the average Nusselt number. A great part of 
the Sgen is due to the increasing heat transfer by the Re increase. 
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a) 

 
b) 

 
c) 

 
Fig. 13. Impact of Brownian motion on the average Nusselt number (a),  
             Sgen (b) and Be (c) for Re = 150, Ha = 50 and γ = 0 

8. CONCLUSIONS 

This numerical study performs MHD forced convection in a 
channel containing a hot block, flowed with a cold nanoliquid at 
the inlet and crossed with Cu–water nanoliquid. The LBM is used 
for resolving the governing equations. The flow characteristics is 

studied under the effect of several parameters (0% ≤ 𝜙 ≤ 4%, 

5 nm≤dp≤55 nm, 50≤Re≤200, 0≤Ha≤90, 0 ≤ 𝛾 ≤ 𝜋 ) and 
Brownian motion. We have given particular attention to the impact 
of several parameters on velocity and temperature profiles after 
and behind the hot block. The most important findings are con-
cluded as follows: 

 The maximum value of the average Nusselt number is found 
for case (3) when the hot block is placed between the two hot 
walls. The minimum value of the average Nusselt number is 
found for case (2) when the hot block is situated between the 
two insulated walls. Also, the total entropy generation is mini-
mal for case (2) and maximal for case (1). 

 As𝜙 , Re and Ha increase, the heat transfer, total entropy 
generation and Bejan number are enhanced. 

 As the size of nanoparticles increases, the heat transfer, total 
entropy generation and Bejan number reduced. 

 The recirculation zone is detected behind the hot block for 
high values of Re numbers (Re=150), and it has an opposite 
effect to the Reynolds number on the heat transfer.  

 The Hartmann number has a positive effect, and the impact of 
electromagnetic force is detected for(𝐻𝑎 > 0), so the ampli-
tude of vertical velocity increases. 

 The magnetic field inclination angle has a very important role 
to the orientation of the nanoliquid. Consequently, diminution 
in the Nuavg about 5.65% when the magnetic field inclination 

angle changes from (𝛾 = 0) to (𝛾 = 𝜋 2⁄ ). 

 The maximum of the total entropy generation is detected with 
the angle of inclination (𝛾 = 𝜋 2⁄ ), and the minimum value is 

detected for the angle of inclination (𝛾 = 0). 

 The Be reduces with 41.4% for Re=100, and it reduces about 
33.3% for Re= 150 when the Ha increases from 0 to 90. 

 The results show that the presence of Brownian motion gives 
an increasing effect on Nuavg, and the total entropy genera-
tion is enhanced by 2.4% for the case with Brownian motion 
compared to the case without Brownian motion. 
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