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Abstract: In the present paper, the effect of diverse distribution of functionally graded porous material and Kerr elastic foundation on natu-
ral vibrations of nanobeams subjected to in-plane forces is investigated based on the nonlocal strain gradient theory. The displacement
field of the nanobeam satisfies assumptions of Reddy higher-order shear deformation beam theory. All the displacements gradients are
assumed to be small, then the components of the Green-Lagrange strain tensor are linear and infinitesimal. The constitutive relations for
functionally graded (FG) porous material are expressed by nonlocal and length scale parameters and power-law variation of material pa-
rameters in conjunction with cosine functions. It created possibility to investigate an effect of functionally graded materials with diverse dis-
tribution of porosity and volume of voids on mechanics of structures in nano scale. The Hamilton’s variational principle is utilized to derive
governing equations of motion of the FG porous nanobeam. Analytical solution to formulated boundary value problem is obtained in
closed-form by using Navier solution technique. Validation of obtained results and parametric study are presented in tabular and graphical
form. Influence of axial tensile/compressive forces and three different types of porosity distribution as well as stiffness of Kerr foundation on
natural frequencies of functionally graded nanobeam is comprehensively studied.

Keywords: Porosity distribution; nanobeam; Reddy beam theory; free vibrations; nonlocal strain gradient theory

1. INTRODUCTION

Recent research and development in nanotechnology have
contributed to design devices in nano and micro scale called
nanoelectromechanical (NEMS) and microelectromechanical
(MEMS) systems (Lyshevski, 2002). NEMS and MEMS may be
used in many areas including automotive, aerospace, biotechnol-
ogy, healthcare, office equipment and telecommunication
(Leondes, 2006). Nano and micro devices, depending on re-
quirements, can be manufactured with porous materials (Bhu-
shan, 2004), functionally graded materials (FGMs) (Ashoori et al.,
2017) and it commonly takes the form of plates and beams (Lam
etal., 2003).

To consider nano/micro size scale effect on structures non-
local theories have been derived, for instance couple stress theory
(Toupin, 1962), modified couple stress theory (Yang et al., 2002),
Eringen’s nonlocal theory (Eringen and Edelen, 1972; Eringen,
1972), strain gradient theory (Mindlin, 1964, 1965) and nonlocal
strain gradient theory (Lim et al., 2015).

The literature survey related to the study of mechanical be-
havior of nanobeams is conducted to justify the originality of the
present paper. The review is divided into two paragraphs: consid-
ering the effect of elastic foundation and mechanical response of
nanostructures without foundation.

Aydogdu (2008) studied the influence of length to thickness
ratio on bending, buckling and free vibrations based on Eringen’s
nonlocal theory and various beam models. Lim et al. (2010) ana-
lyzed the free vibration of axially pre-tensioned nanobeams with
various boundary condition according to Eringen’s nonlocal elas-
ticity. Sahmani and Ansari (2011) presented buckling analysis with

comparison of Euler-Bernoulli, Timoshenko and Levinson beam
theory with different boundary condition using Eringen’s nonlocal
elasticity. Thai (2012) introduced new nonlocal shear deformation
beam theory and analyzed the mechanical behavior of simply
supported nanobeam. Thai and Vo (2012a) investigated deflec-
tion, buckling and free vibrations of nanobeam on the basis of
sinusoidal shear deformation theory and nonlocal constitutive
relations of Eringen. Eltaher et al. (2012, 2013) used finite ele-
ment method to investigate free vibration and static buckling
behaviors of functionally graded nanobeam based on Euler-
Bernoulli model assumptions and Eringen’s nonlocal theory.
Nazemnezhad and Hosseini-Hashemi (2014) examined the non-
linear free vibrations of FGM Euler-Bernoulli nanobeam using
Eringen’s nonlocal theory. Simsek (2014) studied the effect of
aspect ratio and Eringen’s nonlocal parameter on nonlinear fre-
quency of nanobeam. Rahmani and Jandaghian (2015) conducted
buckling analysis of functionally graded nanobeam using Er-
ingen’s nonlocal and Reddy beam theories. Li and Hu (2015)
examined deflection and buckling of Euler-Bernoulli nanobeam
model on the basic of nonlocal strain gradient theory. Simsek
(2016) employed Euler-Bernoulli beam assumptions and nonlocal
strain gradient theory to study the nonlinear free vibration of simp-
ly supported nanobeam made of functionally graded material. Lu
et al. (2017) developed sinusoidal shear deformation beam theory
to analyze free vibration problems of simply supported nanobeam
using nonlocal strain gradient theory. Shafiei et al. (2017) applied
Timoshenko beam model to study the influence of porosity on
vibration problems of functionally graded nano and micro beams.
Eltaher et al. (2018) presented the finite element method to study
the bending and vibrations of functionally graded nanobeam with
porosity according to Euler-Bernoulli beam and Eringen’s nonlocal
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theories. Zhang et al. (2019) investigated the influence of Er-
ingen’s nonlocal parameter, power index and length to thickness
ratio on natural vibrations of functionally graded nanobeam witch
various boundary condition.

El-Borgi et al. (2015) considered free and forced vibration of
functionally graded nanobeam resting on nonlinear elastic founda-
tion on the basis of Euler-Bernoulli beam model assumptions and
Eringen’s nonlocal theory. Ghadiri et al. (2017) presented the
analytical solution for nonlinear vibrations of functionally graded
visco-elastically supported nanobeam subjected to transverse
concentrated load. Saffari et al. (2017) studied the free vibration of
simply supported FGM nanobeam resting on Winkler-Pasternak
foundation based on Timoshenko beam model and Eringen’s
nonlocal elasticity. Reza Barati (2017) examined the forced vibra-
tions of FGM nanobeam resting on Kerr foundation under hydro-
thermal loads on the basis of sinusoidal shear deformation theory
and Eringen’s nonlocal theory. Lv et al. (2018) analyzed the effect
of Winkler foundation and material defects on nonlinear vibrations
of FGM Timoshenko nanobeam via nonlocal strain gradient theo-
ry. Karami and Janghorban (2019) proposed a new shear defor-
mation theory and analyzed the free vibration of functionally grad-
ed nanobeam resting on Winkler-Pasternak foundation using
nonlocal strain gradient theory.

The carried out literature review indicates that there does not
exist an analysis of effect of stiffness of Kerr foundation and in-
plane axial forces on free vibration of FGM nanobeam with di-
verse distributions of porosity based on the nonlocal strain gradi-
ent-based Reddy higher-order shear deformation theory. Unlike
other nonlocal models, the utilized nonlocal strain gradient model
is a hybrid nonlocal model, which can capture both hardening and
softening phenomena in structures in nano scale. For the first
time, influences of Kerr elastic foundation, volume of pores, di-
verse distribution of porosity and functionally graded material as
well as both small scale parameters on dynamical response of
nanobeams subjected to axial compressive/tensile loads were
presented. Additionally, for the first time, comparison of Winkler-
Pasternak and Kerr foundation effect on eigenfrequencies of
simply-supported FGM nanobeam is shown.

2. DISPLACEMENT AND STRAIN FIELDS

Consider a functionally graded porous nanobeam under an
axial in-plane forces N, and resting on three-parametric founda-
tion. Let L, h and b denote the length, thickness and width of the
nanobeam, respectively. The foundation is described by springs
stiffness (K, K;,) and shear (G) stiffness of layer. The coordi-
nate system (x,z) and cross-section are presented in Fig. 1.
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Fig. 1. The geometry and coordinate system of FGM porous nanobeam
subjected to in-plane axial forces
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Based on the higher-order shear deformation theory, the dis-
placement field of the nanobeam takes the form (Reddy, 2017):

u(x,z,t) = ug(x, t) + 2o, (x,t) — ¢, z3 ((px(x, t) +

6w3§cx,t)) (13)
uz(x! t) = WO(x! t) (1b)

where u,, and u, are displacements along x and z directions,
respectively. u,, wy and ¢, are unknown generalized displace-
ments. Hence, u, and w, denote axial and transverse displace-
ment of a material point in the mid-plane (x, 0) in the undeformed
configuration at any time t. ¢, is rotation of the point on the cen-
troidal axis x of the beam, and ¢, = 4/(3h?).

Taking into account the assumptions that all the displacement
gradients are very small, consequently, the components of Green-
Lagrange strain tensor are linear and infinitesimal. The general
forms of strain-displacement relations associated with the dis-
placement field (1) are defined as:

v = e 4 26l + 736 (2a)
260, = Vg + 723 (2b)
where the particular components of the linear strains are:

(2.0 e2) = (o2 e (05 oo
22} = {on + 22, —c2 (0. + 22)} (30)

where ¢, = 3c¢;.
3. CONSTITUTIVE RELATIONS

On the basis of reduced higher-order nonlocal strain gradient
theory (Lim et al., 2015) to only one length scale parameter, the
constitutive relations of the nanobeam are expressed as:

1- f’BVZ)axx =(1- £2V2)Cxx£xx (4a)
(1 - f’BVZ)axZ = (1 - fzvz)zcngxz (4b)

where nonlocal parameter B = (eya)? describes nonlocal stress
field, material length scale parameter ¢ captures higher-order

2
strain gradient stress field, and V2= ;7 is the Laplace operator.
Stiffness coefficients of the FGM porous nanobeam are:

Cox = E(2) (5a)
_ E(2
Cez = 2(1+v) (50)

where Poisson’s ratio v is assumed to be constant and Young's
modulus E (z) varies through the nanobeam thickness according
to the power-law (Kim et al., 2019):

E@) = (B~ E) (2+2) +E|[1-Y(z )] (6

where E, and E,, are Young's modulus at the top (z = h/2) and
bottom (z = —h/2) surface, respectively. The constant g is
power-law index and Y(z,9) is a porosity distribution function. In
the present paper, three different types of porosity are considered
and written as:
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Type 1: Y(z,9) = 9cos (%) (7a)
Type 2: Y(z,9) = 9cos [ (— - %)] (7b)
Type 3: Y(z,9) = Icos E (% + %)] (7c)

where 9 is porosity coefficient. Types of porosity distribution
through nanobeam thickness is presented in Fig. 2.
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Fig. 2. Normalized distributions of porosity through nanobeam thickness

An example of effect of both power-law index and types of po-
rosity distributions (with constant porosity coefficient value) on the
variation of Young’s modulus is shown in Fig. 3.
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Fig. 3. Variations of Young's modulus through beam thickness depending
on power-law index and porosity distribution

Substituting strains (Eq. 2) into equations (4), particular form
of constitutive relations are obtained:

(1= BY?) 0y = (1 — £2V)C, [ 52 + 222 —
(22 4 L) )

dox dx2
a
(1 - 5BVZ)O—xz = (1 - gZVZ)sz [(px + % - CZZ2 ((px +
6w0
)] (8b)

4. EQUATIONS OF MOTION

Equations of motion of the nanobeam are derived based on
the dynamic version of Hamilton principle (Reddy, 2017):

J; (6U = 8K + 8V)dt = 0 9)

acta mechanica et automatica, vol.14 no.3 (2020)

The quantities SU, 6F and &V are the virtual strain energy,
kinetic energy and work done by external forces, respectively.
Each virtual energy and the virtual work are defined as:

SU = [ [,(00xBexs + 20,,6¢,,)dA dx (10a)
8% = [ [, p(2) (W81t + 11,81,)dA dx (10b)
8V = — [ [N 222020 4 Frswy | dz (10¢)

where dA = bdz, N, are the axial in-plane compressive/tensile
forces, Fy denotes a reaction of elastic foundation, and p(z) is
the mass density of the FGM porous nanobeam

p@ =[G =) (+3) +pp| 1Y@ (1)

that varies from a value at the bottom surface p,, to a value at the
top surface p;.

The particular form of the strain energy (Eq. 10a) is presented
below:

U = fL [Nxx il + Myx aafx C1Prx (% + 626i\;vo) +
xz (6(/’2: 66:}0) - C2 xz (6(px GSWQ)] dx (12)

where introduced thickness-integrated forces and moments take
the following form:

/2

{Nox) Myx, P} = bf /2 0xx{l,2,2°}dz (13a)
h/2
{(New Res} = b [ ? 0ull,2%}dz (13b)

The final form of virtual kinetic energy (Eq. 10b) is expressed
as:

8K = [ I (itgSity + Wobg) + I (g8, + @ Bkg) +
. . . . . 06v . .
L (9x8¢,) — 113 (uo&l’x + uoﬂ + 9061y +

% . . . a6

%6110) - C1]4 ((pxa(px + (px aWO + (px6(px

220 592 ) + o (920 + o o2 + 22565, +

ax Px 116 \ PxOPx (px ax ax Px

dwg 08Wq

St dx 1)

where introduced mass inertias are defined as:
L=bf h/zp(z)zidz A i €(0,6) (15)

The particular form of work done by external forces (Eq. 10c)
takes the form:

5V == [ [N "a 220 Swo + Frow, | dz (16)

The reaction of foundation is modeled as Kerr foundation

(Kerr, 1965):
KKy GKy \ 02wy
- (Kl+1(u) Wo + (K1+Ku) dx2 (7)

with lower K; and upper K, spring stiffness coefficients. G repre-
sents stiffness of shear layer.

Removing upper spring, the model is simplified to Winkler-
Pasternak foundation (Pastemak 1954):

FfEFk=

Saz
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where K, and K, are spring and shear stiffness coefficient, re-
spectively.

Further simplification by removing shear layer leads to Winkler
model of foundation:

Fy = Fy = —K,w, (19)

Derived equations of motion for macro-scale FGM porous
beam are expressed as:

JN. ow,
Sug: axx = lotig + [P — €113 ((Px _xo) (20a)
oM. daP. . .
6(px: a;x - Cla—xx - Nxz + CZsz = IluO + [2(px -
. aw, aw,
C113u0 C114_ (prx + _O) + C]2.16 ((px 0) (20b)
a2%P. oN dR = 0%w, KK
dwo:cy 7o ez T azz_ 2 a;z T M 6x20 (K;H?u) Wo

. dilg 3px 2 (6(px
Iowy + 113 o + il oy cil +

(o) 5 =
2i) (20¢)

9x?

Substituting particular form of constitutive equations (Eq. 8) in-
to thickness-integrated forces and moments (Eq. 13) in order to
obtain nonlocal forces and moments in final nonlocal forms:

(1= BVAN,, = (1 - £2V2) [4%) 20 4 () 20x —

Q2o 4 4R 2
) (G + )] (212)
(1= BV = (L= 7% 4050+ A T
il (5 + 52) (21b)
(1-BV2)R,, = (1 - £272) [AD 2o 4 A 20 _
eAl) (e + 5] 210)
(1 = BVAN,, = (1 - £27%) [AD) (g, + 22) -
A2 (g, +22)] 21
(1= BV)R,, = (1 — £272) [42) (¢, +22) -
) (0x+ 5] (2%e)

where resultant stiffness coefficients are obtained as:

{A(O) AD 4@ 4B) 44 A(ﬁ)}_

XX ETXX ) ETXX ) F XX fh XX

bfh}{;z xx{l' ZIZ IZ ;Z 126}dz (223)
{49, 42,49} = b [ C,,(1,72,2%)dz (22b)

Substituting nonlocal forces and moments (Eq. 21) into equa-
tions of motion (Eq. 19), three equations of motion of the nano-
beam expressed by displacements are derived in the form:

2 3
A(0)6 o +A(1)6 ox 1A(S) (6 <ﬂx+w) _

xx dx2 XX Ox2 Ox2 9x3

0) 0%u 1) 0% @ 3) (9% @ 25w, .
,€2 [AECX) dx 4—0 AECX) ox 4x - A( ) ( axzx + ax30)] = IOuO +
a a2 a2
Ligy —c1l5 ((Px + ﬂ) -3 [10 % uzo +1 a;pzx -
02§ a
C1ls ( afzx + a;;O)] (23a)
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0 ow 2 ow, 4
_Agcz) ((px + 0) + ZCZA(Z) ((px xo) C%A;Z) (§0x +
%) 4 AW Pu0 ¢, AD Puy | 42 Pex _ AD ox _

x XX G2 , XX G2 xx 6x§ XX 52
(4) (9% d°wy 2 (6) (0% 9°wq
c1y (aZx+a3) 14z (62x+6x3)_
2 (0) (6 Px 83 WO) 2) (6 D 63W0) _
¢ [ —Ay ox2 + ax3 + 2045, dx2 +46x3
4) (99 a°w (1)6 u (3) 9%u,
c2Ax (a >+ ax3o) A 5 et~ Gl 6x40 +
(2) *¢ 4) 8% 4) (9% 35w
Axx 5 — € Axxaf C14z (a4x+ax5)+

6) (0% %w, .. ..
c2A, ( o T ox 50>] = Ly — ¢ 13Uy + Py +

cils (QDx _x) —Cily (Z‘Px awo) [11 Ba:zo

cil3 aa uz(, +1, aa </’2x + ¢l (a Ox 4 aa;:;‘)) ¢l (2 aa q;" +

3

‘fo")] (230)
A(4) (qux n o2 WO) 1A§;§2 a;;x 2A(6) (6a <p3x n

1) el i o).

o ) vt o )

clA;‘;) "a 2x 24 (2 ";" ax;’)] = Loy + ¢yl 20 +

a4 a%w = 9%w KK
2 Dx 0 0 1Ky
C114 ax C 16( t3 )+Nxx ax2 +K1+Ku Wo =

GKy 9%wq [ %w, GRETI 33y
— —B|] cils—— + ¢l
Kitky 0x2 062+13ax3+146x3

2 4
2[ (6 Py . 0% wo) N *wyg KiKy 0°wop  GKy 0 wo] 23¢
6 + x4 + Nox x4 +K1+Ku 0x2  Kj+K, 0x* (23c)

5. SOLUTION OF THE PROBLEM

Analytical solution for simply supported FGM porous nano-
beam is derived using Navier solution technique. The generalized
displacements are expanded in trigonometric series in form of:

U i cos(B,x)etwnt
(%) =Y | @eos(Bent | A B ="F ()
Wo w sin(f,x) et@nt

where i, ¢, w are maximum values of displacements and w,, is
natural frequency of the n-th mode.

The system of three governing equations for free vibration
analysis is defined as:

{[K] — wi[M]}{a} =0 (25)

where [K] and [M] are stiffness and inertia matrices with size
3x3, and A are displacements in vector form:

{8y =[ugwl (26)
Stiffness and inertia matrices are symmetric (Kij = Kji, M;; =
M;;). Coefficients of these matrices are obtained as:

Ki = —AQBE — LA BY (27a)
K12 — _A(l)'gn (3)ﬁn + ez( A(l) (3) ) 27b
Kis = QA8 + £ A3 7 (2rc)



§ sciendo

DOI 10.2478/ama-2020-0020 acta mechanica et automatica, vol. 14 no.3 (2020)
Ky, = =AY 4+ 2¢,4% — 24 — 4@p2 4 2c, AWp2 Table 2 presents the comparison of calculated first three
A(e) B2 4 {,2( A(o) B2 + 2¢,A (2) g2 _ c2A® B2 — modes of free vibrations with results obtained based on sinusoidal
(2) m W "2 (6)2 n xzrm shear deformation theory and nonlocal strain gradient theory (Lu
Ay Br + 201 A% Br — 1A B n) (27d) et al., 2017). The following parameters were used to obtain the
numerical  results: L =10nm, L/h=10, v=023,
Ky = —A%3 B+ 263435 fn = 3 B + 1A — E =30 MPa,p = 1kg/m®. /
A“)ﬁn +£2(—AL) B3 + 2c,A5) B3 — czA“)ﬁn
(4) (6)
1Ay ZA ) (27e) Tab. 2. First three modes of dimensionless natural frequency
Ky3 = —A(O)ﬁn + 2c 2A(Z)[)’n ZA(4)[>’n ZA(G)[s’n oy = wan\/bf:;z of simply supported nanobeam
2(—AQ) B + 20,42 B — ZAD gt — 348 pe) -
Kiku _ _GKu p2 | & KiKy GKy B £/h Luetal. (2017 Present
Ki+Ky Kl+1<uﬁn + N""Bn + Q3(1{ +Ky ‘3” Kj+Ky B" “n / ( )
N, [,’g) (27f) 0 9.7077 9.7075
1 0 9.2614 9.2612
My, = —I, — BI,p2 (28a) 4 8.2198 8.2197
_ 1 a2 2 0 9.8267 9.8266
M12 - 11 + C113 + %( Il.Bn + C1]3Bn) (28b) w; 1 05 9.3750 9.3748
M3 = c; 135, + Be I 53 (28c) 4 8.3206 8.3205
0 10.1755 10.1753
A/ézz =2 =l + 2¢c11, — C116 +B(— 12.811 + 2C114.8n 1 1 9.7077 9.7075
cilefn) (28d) 4 8.6159 8.6158
M,; = c114ﬁn — 2B, + B(c L3 — 21,63 (28e) 0 37.1009 37.0981
1 0 31.4146 31.4122
Ms; = — cilsBi + B(=Io Bk — cileBr) (28f) 4 23.1019 23.1001
0 38.8887 38.8857
6. RESULTS AND DISCUSSION w3 1 0.5 32.9283 32.9258
4 24.2151 24.2133
o . o 0 43.8165 43.8132
Free vibration analysis of FGM porous nanobeam with simply 1 1 37.1009 37.0981
supported edges is conducted in the present section. Firstly, the 4 27.2835 27.2815
comparison of obtained numerical results with results from the 0 78.1855 781719
literature is shown to verify the correctness of the present model. 1 0 56.8977 56.8878
Then, the free vibration analysis of functionally graded porous 4 36.6416 36.6353
nanobeam is presented in the following subsection. 0 86.4318 86.4168
w3 1 0.5 62.8988 62.8879
6.1. Verification 4 40.5062 40.4992
0 107.4379 107.4190
. . . 1 1 78.1855 78.1719
Eigenfrequencies for functionally graded beam are compared 4 50.3508 50.3420

with results on the basis of sinusoidal shear deformation theory
(Thai and Vo, 2012b) and presented in Table 1. The parameters
L=10m, v=0.3, E;, =380GPa, E,=70CGPa,
p1 = 3960 kg/m3, p, = 2702 kg/m3 were applied to obtain

LpA

Tab. 3. Dimensionless natural frequency & = Vo of simply

the results. supported beam

R, & Karami and Janghorban Present
N _ s [t 2 (2019)
Tab. 1. Dimensionless natural frequency @ = vw = of simply
2 0 3.216341 3.216341
supported beam
0 05 3.532519 3532519
L/h g Thai and Vo Present 1 3.781208 3.781208
(2012b)

25 4.326928 4.326928
0 5.1531 5.1528 0 3.793132 3.793132
5 1 3.9907 3.9904 102 05 3.998874 3.998874
2 3.6263 3.6264 1 4177015 4177015
5 3.3998 3.4012 25 4607107 4607107
0 5.4603 54603 0 10.02651 10.02651
0 4.2051 4.2051 L0t 05 10.03856 10.03856
2 3.8361 3.8361 1 10.05058 10.05058
5 3.6485 3.6485 25 10.08636 10.08636
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Table 3 contains the comparison of fundamental frequency of
homogeneous macro-sized beam resting on Winkler-Pasternak
foundation (Karami and Janghorban, 2019). We have not found
any numerical results in tabular form for nanobeam resting on

Kerr foundation. Winkler-Pasternak stiffness coefficients are
14— 12
iy K, = K, TR
Numerical results are obtained for the following parameters:L =
10m, L/h =120, v=0.3, E =30 MPa, p = 1kg/m3,
E(z)
Cox = 77

It can be concluded, from Tables 1-3 that the numerical re-
sults from the present model are in good agreement with the

results from the previous papers.

dimensionless, and takes the form: K,, = K,

6.2. Free vibration analysis

In the present subsection, free vibrations analysis is conduct-
ed for simply supported FGM nanobeam with diverse porosity
distributions. In the study, geometrical and material properties are
assumed as constant: length L = 50 nm, constant thickness
h=10nm and unit width b. Young’s moduli take values
E, = 380 GPa,E, = 70 GPa, densities p, = 3100 kg/m?3,
pp = 2700 kg/m® and constant Poisson’s ratio v = 0.3.
During investigation, the power-law index is assumed to be con-
stantg = 2.

0 i { [nm]|

Fig. 4. Effect of nonlocal parameter B and length scale parameter £
in conjunction with compressive/tensile forces on dimensionless
fundamental frequencies of FGM nanobeam

Figure 4 presents the influence of nonlocal parameters B, £
on dimensionless fundamental frequencies (51 =102

ISWENI /Etlz) of FGM nanobeam without porosity. The figure
shows softening (increasing nonlocal parameter B) and harden-
ing (increasing length scale parameter #) effects according to
Eringen’s nonlocal theory and Mindlin’s strain gradient theory,
respectively. The figure also shows the dependence of axial in-
plane compressive (N, > 0) and tensile (N, < 0) forces on
dimensionless natural frequencies. Applied compressive forces
cause weakening of the structure stiffness, in consequence, its
eigenfrequencies decrease. Opposite phenomenon may be ob-
served for tensile force. Nanobeam stiffness increases, thus its
fundamental frequencies increase. The phenomena are similar to
situations observed by Timoshenko and Woinowsky-Krieger
(1959) in bending of rectangular plates subjected to compres-
sive/tensile axial in-plane forces.
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0 o ¢ |nm|

Fig. 5. Effect of nonlocal parameter 8 and length scale parameter ¢
in conjunction with diverse porosity types on dimensionless funda-
mental frequencies of FGM nanobeam under tensile forces

Natural frequencies for FGM nanobeam subjected to tensile
forces without porosity and with diverse porosity types (with po-
rosity coefficient 9 = 0.3) are presented in Figure 5. Based on
the material properties’ variation (Fig. 3) and porosity distribution
(Fig. 2), it can be observed that porosity Type 1 and Type 3 have
similar influence on the response of structure. Porosity causes the
structures to become lighter and softer, and consequently, dimen-
sionless fundamental frequencies decrease for Type 1 and Type
3. Ratio of mass to stiffness of FGM nanobeam for Type 2 (porosi-
ty accumulated at the bottom surface with lower value of Young's
modulus) is higher than for structure without porosity, therefore,
fundamental frequencies are also higher.

? = Fpi Ky = 0.6 10° K5 -~ 0.6
Ff= FiiKy = 18X 10°K; = 0.6 X 10° G = 0.6

= F: Ky = 0.6 x 105K, = 18X 105 G = 06
Fy = Fi: Ky = K3 = 0.6 X 10° 6 =06
Fr=0;

Fig. 6. Effect of nonlocal parameter 8 and length scale parameter ¢
in conjunction with reaction of foundation on dimensionless funda-
mental frequencies of FGM nanobeam

Figure 6 shows the comparison of Winkler-Pasternak and Kerr
foundations effects on eigenfrequencies of FGM nanobeam with-
out porosity. It is clearly observed that the foundation effect caus-
es the whole vibrational system to become stiffer, and thus, natu-
ral frequencies increase. Fundamental frequencies of nanobeam
resting on Kerr foundation are lower in comparison to Winkler-
Pasternak foundation with the same springs and shear moduli
stiffnesses. Nevertheless, Kerr foundation, due to more parame-
ters, gives an opportunity to more precisely control the dynamic
behavior of the nanobeam.
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7,108
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104

2 \1
A [nm?|
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Fig. 7. Effect of nonlocal parameter %8 and length scale parameter £
in conjunction with diverse porosity types on dimensionless funda-
mental frequencies of FGM nanobeam resting on Kerr foundation
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Fig. 8. Effect of axial in-plane forces in conjunction with diverse porosity
types on dimensionless fundamental frequencies of FGM nano-
beam resting on Kerr foundation.

Dependence of eigenfrequencies of nanobeam resting on Kerr
foundation on various porosity types (porosity coefficient
9 = 0.6) is presented in Figure 7. Similar to previous analysis,
porosity Type 1 and Type 3 have a similar impact on natural
frequencies. From the figure, it can be also observed that increas-

acta mechanica et automatica, vol.14 no.3 (2020)

ing porosity coefficient value causes decreasing of resultant stiff-
ness for porosity distribution Type 2, and natural frequencies are
lower for structure without porosity (compare with Fig. 5).

Figure 8 presents the effect of compressive/tensile forces of
FGM nanobeam with various porosity distribution and foundation
stiffness. It may be observed that natural frequencies of the nano-
beam decrease with increasing compressive force. It is related to
the weakening of nanobeam stiffness under compressive force.
Opposite effect, increasing structural stiffness, occur with increas-
ing tensile forces. Therefore, increase of tensile forces’ value
causes an increase of nanobeams eigenfrequencies.

Numerical results for natural frequencies of FGM nanobeam
resting on Kerr foundation with diverse porosity distribution and
subjected to compressive/tensile forces are presented in Table 4.
Following results are calculated for nonlocal parameters 8 = 2
and £ = 2.

Tab. 4. Dimensionless natural frequency (cﬁl =10%- w12 /EI—‘}) of elastically supported FGM porous nanobeam under axial in-plane forces
ti2

Type Type 1 Type 2 Type 3
N Ky, K, 1,2,3
Nyx G [-10%6] [-10%6]
0 0.3
0 0 0 12.0200 11.9992 12.2672 12.0856
06 0.6 12.1355 12.1284 12.4052 12.2236
06 ' 1.8 12.1605 12.1563 12.4349 12.2533
18 0.6 12.1929 12.1926 12.4736 12.2920
-10 1.8 12.2993 12.3114 12.6004 12.4187
06 0.6 12.1680 12.1648 12.4439 12.2623
12 1.8 12.1767 121744 12.4543 12.2727
18 0.6 12.2414 12.2467 12.5314 12.3498
1.8 12.3314 12.3472 12.6385 12.4569
0 0 0 11.4592 11.3695 11.5941 11.4123
06 0.6 11.5803 11.5059 11.7400 11.5583
06 ' 1.8 11.6065 11.5353 11.7715 11.5897
18 0.6 11.6404 11.5735 11.8123 11.6306
5 1.8 11.7519 11.6986 11.9461 11.7645
06 0.6 11.6144 11.5442 11.7810 11.5993
12 ' 1.8 11.6235 11.5544 11.7919 11.6102
18 0.6 11.6912 11.6305 11.8733 11.6917
1.8 11.7854 11.7363 11.9864 11.8048
0 0 0 10.8694 10.7029 10.8795 10.6966
06 0.6 10.9971 10.8476 11.0348 10.8522
06 ' 1.8 11.0246 10.8788 11.0683 10.8857
18 0.6 11.0604 10.9193 1MA17 10.9292
0 1.8 11.1776 11.0519 11.2539 11.0716
06 0.6 11.0330 10.8882 11.0784 10.8959
12 ' 1.8 11.0425 10.8990 11.0900 10.9075
18 0.6 11.1138 10.9797 11.1766 10.9942
1.8 11.2129 11.0917 11.2966 11.1144
0 0 0 10.2458 9.9918 10.1144 9.9294
06 0.6 10.3811 10.1467 10.2813 10.0969
5 06 ' 1.8 10.4103 10.1800 10.3172 10.1328
18 0.6 10.4481 10.2232 10.3638 10.1796
1.8 10.5722 10.3648 10.5161 10.3323
1.2 0.6 0.6 10.4191 10.1901 10.3281 10.1438
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1.8 10.4292 10.2016 10.3405 10.1562
0.6 10.5047 10.2878 10.4333 10.2493
1.8 10.6095 10.4073 10.5618 10.3782
0 0 0 9.5816 9.2259 9.2864 9.0976
0.6 9.7262 9.3935 9.4680 9.2802
1.8 9.7573 9.4294 9.5069 9.3193
0.6 9.7977 9.4762 9.5575 9.3701
10 ' 1.8 9.9298 9.6287 9.7224 9.5358
0.6 9.7667 9.4404 9.5187 9.3312
1.8 9.7775 9.4528 9.5322 9.3447
0.6 9.8580 9.5458 9.6328 9.4458
1.8 9.9695 9.6744 9.7719 9.5855

0.6

1.2

>
K, x10' [N/m) 1 13

L$ 24
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Fig. 9. Effect of Kerr foundation in conjunction with compressive/tensile
forces on dimensionless fundamental frequencies of FGM
nanobeam

It is observed from Figure 9 that natural frequencies of FGM
nanobeam increase with increasing stiffness of both springs of
Kerr foundation because the whole system becomes stiffer. For
this analysis, the stiffness value of shear layer is assumed to be
constant G = 0.6. Foundation response does not change the
dynamical behavior of the structure under tensile (N, < 0) and
compressive (Nxx > 0) forces. Nanobeam subjected to ten-
sile/compressive forces undergoes increasing/decreasing of
stiffness, consequently eigen frequencies increase/decrease.

K,x10' [N/nf] 1 :l\'
d - 8
N//T/ﬁ s !
21

9
03 0.6 G [N/m|]

Fig. 10. Effect of Kerr foundation in conjunction with diverse porosity
distribution on dimensionless fundamental frequencies
of FGM nanobeam.

Figure 10 illustrates the influence of Kerr foundation on the
dimensionless fundamental frequency of the nanobeam for di-
verse porosity distribution. For every considered porosity distribu-
tion, natural frequencies increase with increasing both stiffness
coefficient of the foundation. For this analysis, stiffness value of
lower spring is assumed to be constant K; = 0.6 . Influence of
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elastic foundation does not change the free vibration characteristic
for the investigated porosity distributions.

7. CONCLUSIONS

In the present paper, comprehensive analysis of free vibration
is conducted for the generalized model of FGM nanobeam with
diverse porosity distribution, axial in-plane forces and elastic
foundation. The nanobeam is modelled using the nonlocal strain
gradient-based Reddy higher-order shear deformation theory.
Equations of motion have been derived on the basis of the dy-
namical version of Hamilton principle and the analytical solution
for free vibration problems of simply supported nanobeam is
obtained in closed-form using Navier solution technique. Present
results have been compared with the results from the literature.
The parametric analysis examined the effect of axial in-plane
forces, porosity distribution, and foundation response in conjunc-
tion with both nonlocal parameters on dynamical behavior of
simply supported nanobeam.

The present study and the obtained results may be applied to
validate different analytical and numerical methods to analyze
nanostructures. Additionally, the numerical results can be used in
the analysis and optimization of FGM porous nanostructures in
NEMS devices.
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