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Abstract: In this work, the new integral transform called the Elzaki transform (ET) is used to investigate and solve nonlinear higher-order
partial differential equations (NHOPDEs), which serve as mathematical models in a range of practically significant disciplines of applied
research. The NHOPDE solutions converge to exact solutions rather easily, were derived in a simple and easy-to-understand manner using
ET. In addition, examples are given to illustrate how this method can be applied and how valid it is for the problem-solving form.
There is a strong correlation between the analytical and exact solutions for the tested problems. This paper also covers the convergence
of the ET technique to the exact solution of NHOPDESs. Numerical problems involving fourth and sixth order nonlinear hyperbolic equations
and nonlinear wave-like equations with variable coefficients are solved to illustrate how the ET technique may efficiently yield accurate
solutions for nonlinear PDEs of higher order with initial conditions. The results demonstrate the remarkable accuracy, efficiency,
and dependability of the ET technique, which can be applied to a broad variety of nonlinear higher-order PDEs. This method greatly simplifies
numerical calculations. The two primary goals of using this approach are to establish a fair frequency relationship and select an appropriate
starting estimate. The precise, analytical, and numerical solutions to the examined problems show a high association with one another,
further validating the robustness of this approach. Its unique properties, including its ability to simplify convolution operations and its close
connection to the Laplace transform, also contribute to its effectiveness.

Key words: cauchy problem, nonlinear higher order partial differential equations, Elzaki transform, hyperbolic equation, wave-like equation,
convergence analysis

1. INTRODUCTION Over the past few years, numerous researchers have devoted
considerable effort to exploring various methods for solving nonlin-
ear PDEs. Techniques such as the homotopy perturbation method
(HPM), differential transform method (DTM), Elzaki transform, La-
place and double Laplace transforms, and the variational iteration
method (VIM) have been widely employed to address these chal-
lenges. For instance, Abdulazeez et al. in [18] utilized the homotopy
analysis method (HAM) and VIM to solve nonlinear pseudo-hyper-
bolic equations, demonstrating that HAM provides results that are
more accurate and closely aligned with exact solutions compared
to VIM. Similarly, the residual power series method (RPSM), as pro-
posed by Abdulazeez et al. [19], has shown the ability to solve non-
linear pseudo-hyperbolic PDEs with non-local conditions, while
providing fast convergence and accurate results. The explicit finite
difference method (EFDM) was applied by Abdulazeez et al. [20] to
solve fractional-order pseudo-hyperbolic telegraph PDEs using Ca-
puto derivatives, while the Crank-Nicholson difference scheme has
been successfully utilized for mobile—immobile advection—disper-
sion models [21]. Furthermore, Abdulla et al. [22] extended this ap-
proach by comparing the solutions of third-order fractional PDEs
using Caputo and Atangana-Baleanu Caputo (ABC) fractional de-
rivatives.

To overcome and relax the inherent difficulties of nonlinear
problems, hybrid methods that combine two or more techniques
have been increasingly explored. For example, Ahsan et al. in [23]
present a hybrid scheme of finite-difference and Haar wavelet dis-
tribution for the ill-posed nonlinear inverse Cauchy problem.

Numerous application disciplines, such as information theory,
research, and engineering, depend heavily on NHOPDEs. This is
especially important for applied sciences and entropy. Moreover,
they have been used for a long time to explain a variety of natural
phenomena, such as temperature fluctuations, growth of popula-
tions, earthquakes, and atomic structure. In literatures, there are
numerous applications of the integral transform in mathematics. In-
tegro-differential equations, integral equations, and linear DEs can
all be solved with ET. This method is not appropriate for solving
nonlinear DEs due to the nonlinear variables. Nonlinear DEs can
be solved using ET support for the homotopy perturbation ap-
proach, differential transform method, and any other methods.

These days, nonlinear equations are very important. Applica-
tions of nonlinear phenomena are significant in engineering, phys-
ics, and applied math. Finding new exact or approximate solutions
to nonlinear PDEs requires creative thinking, which is challenging
even in fields like applied math and physics, where precise solu-
tions are crucial. Many writers have focused on applying various
methods to the investigation of solutions to nonlinear PDEs in the
last few years. Numerous methods have been proposed, such as
the homotopy perturbation, differential transform, Elzaki transform,
Laplace, and double Laplace transforms, variational iteration,
Adomian decomposition method and Laplace variational iteration
[1-17].
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Advanced computational techniques have also found applica-
tions in specialized areas such as signal processing and electro-
magnetic wave modeling. For instance, Prewitt operators combined
with fractional-order telegraph PDEs have been proposed by Ten-
ekeci et al. [24] for edge detection, demonstrating the potential of
fractional operators in enhancing image processing techniques.
Similarly, Modanli et al. [25] introduced a computational method
based on integral transforms for solving time-fractional equations
arising in electromagnetic waves, highlighting the importance of
fractional calculus in addressing wave propagation problems.

The new technique, which is based on a novel integral trans-
form (ET), will be introduced and used in an accessible manner in
this study [6]. We also explore the potential applications of this new
transform side by side with the recently developed approach to
solving NHOPDEs in this work. This method works well with stand-
ard impulse functions and functions along with discontinuities.

This document is organized as follows: Section 2 presents a
new integral transform called the Elzaki transform (ET). Section 3
presents a convergence study and analytical methodology for solv-
ing NHOPDEs. Section 4 presents a several numerical example.
Discussion and conclusion brought under Section 5 to a close

2. ELZAKI TRANSFORM

Integral equations, systems of PDEs, ODEs, and PDEs may all
be solved with the ET, as demonstrated by Tarig M. Elzaki in [2-5,
29 - 33]. Effective application of ET is possible when Sumudu and
Laplace transforms are unable to solve DEs with variable coeffi-
cients [11]. In engineering and applied mathematics, ET is a potent
instrument.

The primary ideas behind this modification in presentation are
as follows, ET of B(¢) is :

E[B(e)] = ff0+°°B(e)e_¢_'d£, £>0. (1)
Definition 1 Let T'(¢) be the ET of the derivative of B(¢),
then:

(@) T'() =

(b) T = 52 -

T8 - ¢B(0),
n;(l) 62—n+k B(k) (0)’ n> 1’

where T (&) is ET of the n*" derivative of B(¢).
The following helpful ETs have been established in this study:

Let E[ B(e)] =T(&) and E[ a(e)] = A(§), then:
1. E[B(e) £a(e)] = E[B(e)] £ E[a(e)] = T($) £ A(S),
2. E[e"] =& °T(a + 1), a> -1,
n T(f) B(0) B'(0) n—1
E[B™(e)] = e = EB™1(0).

Let E[B(g, Q)] = T (g, &) then the ET of partial derivatives of
B(g,{) are,

dB(s,0)1 1
E| 27 ET( &¢) —¢B(g,0),

[02B(s,)] 1 0B(¢,0)
E 0—52 52 =T(,&) —B(g,0) = ¢ ¢ )

0B 0%B(¢, d?
B[P0 = S e, [# ol
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n n-1
[6 ggi Z)] ™ T(E‘ E) ;Ez—nﬂc B(k)(s, 0),Tl > 1.

3. ANALYSIS OF PROPOSED SCHEME

We use the following initial conditions and NHOPDEs Cauchy
problem to demonstrate the basic idea in this method:

92 a2\k
(m—a7z) B =NB(eD) +9(ed), k=1, ()

al
as"B(s' 0)=g(), i=122k—-1.

Where, B (&, {) is the unknown function, NB (&, {) nonlinear
operator, g (e, {)is the in-homogeneous or source term and a =
a(e, ¢) may be a constant or function of £ or / and .

When k > 1, Eq. (2) turns into a nonlinear hyperbolic equation
of greater order [26], while for k = 1, an equation (2) was reduced
to a wave shape [27, 28].

Equation (2) can be written as follows:

0%kB 0%B
S (Yt
c’)(”‘ a(2ra£2k 2r
k!
r'(r—k)!

=NB(&,{) + 9(&,0),

k
0<r<kand (T)z

or

=NB(5,Q) + g(e,0) = T () (})
Using ET to obtain:

azk
E[ <2k]

_10"B(£,0) yo_
EIB] - Nkt o gk

6(2" 652"652" 2r" (3)

E|NBG.O) +g(e.0) - Z( o (¥)

§2k

= E[VB(5.0) + 9(2,0) ~ DS(-0) () st

_10"B(&,0)
E[B] = X255 — &%

+E2kE [NB(s, D +9@ -2k (Y) wa;%]

Applying Elzaki inverse to get:

B(2,) = G(e,0) + E7 { 2B [NB(z,0) -
- _r a%kp

B0 () s

Where G (¢, {) denotes the term that arises from all or some of
the function g (¢, ¢) and the stipulated initial conditions.

This method's efficacy hinges on how we choose the initial iter-
ation By(g,¢) that yields the most precise result in the fewest
stages. To get a solution iteratively, we use the following relations:

< ky 8%B
— n
N, = ) o () s }

By(e,9) = G(&,9). (4)

Bnii(e,0) = E_l{s‘z"E

0%B
a(Zragzk—Zr
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It looks that the following is the series form for the solution to
Eq. (2):
B(e,¢) = Y=o Bn(e, 0. ()

According to System. (4), we are able to determine the follow-
ing By (e, ), B1(g,0), B,(g,Q), , Eq.(5) can then be used to
find the solution.

3.1. Convergence analysis

The convergence of the ET approach to the exact solution for
NHOPDEs is covered in this section.

Theorem 1. If B is a Banach space, Y- B, (&, {) in Eq. (5)
is convergence, if I (0<B <1), st. VTIEN=|B] <
.B”Br—llli to n €B.

Proof. Partially sum sequence is described as follows: {n;}°2,,

N9 = By
n =By + By
nzzBo+Bl+Bz

T]T=B0+B1+"'+BT

It is now necessary to demonstrate that: {n,}°2, is a Cauchy
series in Banach space,

Ney1 — Nl = n=005n — Zn=0bnll = +1ll = Il =
Il | = IX5£6 B — Xm0 Bull = l1Bz4all < BlIB:|l <
= < BB .

Forall (z,A) e N? as7 > A
“771' - 77/1” = ”(n‘r - n‘[—l) + (771—1

< e = e—all + 1m0 = ezl + - + 172410 — M2l
< BTIIBoll + B7HIBoll + -+ + BA* Byl

< ﬁ/1+1”BO||(ﬁT—A—1 + ﬁr—A—Z 4.4 [3)
_ 18" a4
= 2 gt

Since (BT*"* 4+ 7472 + .-+ B) is a geometric series
and 0 < B < 1 then, /{ml Mz — 1) = 0then {n,}2, is the
T,A>+0

Cauchy sequence in Banach space B then B = Y.»_, B, (¢, ()
defined in Eq. (5) converges.

4. NUMERICAL APPLICATIONS

This section applies the suggested method to the solution of
three numerical examples of nonlinear higher-order hyperbolic
equations and two nonlinear wave-like equations with variable co-
efficients.

4.1. Nonlinear Higher Order Hyperbolic Equations

Numerous physical phenomena, such as vibrating strings and
membranes, the motion of an inviscid compressible flow, and the
motion of a compressible fluid like air, are all explained by nonlinear
hyperbolic PDEs. Numerous disciplines have utilized these formu-
las, such as electromagnetic theory, astrophysics, hypoelastic sol-
ids, and heat wave propagation.

—Ne—z) + 4 (Maer =Ml

acta mechanica et automatica, vol.19 no.2 (2025)

Example 1.

let k=2, a=1, NB=B‘2_§ and g(g,¢) =0,

then Eq. (2) becomes,

043 9B 9B
gt “9g2ae2 T 9et =B- a_{ 6)
d0B(s,0 0%B(g,0 93B(g,0
B(s,0) = (¢,0) _ (¢,0) _ (¢,0) _
a¢ aq? ag3

This is a Cauchy problem with a fourth-order hyperbolic equa-
tion [13]. Using ET in Eq. (6) to obtain,

ak
BB 01 - Z%

k=0

§72* —E[B(&, 0]

9B 0B 0B
- £ [25 -2 %)
972062 9+ ¢

(1-¢ME[B(e, O] = (§° + & + & + §)e?

54E[2052682 et a¢
S 25 5 5
1-¢4

E[B(e, O] =

Inverse ET states that:

a720e2  9et a7l

“YE[B(s,0)]] = E™1 [f_zfee

54
1-¢&4

d*B 0*B 0B

_1 L
+E 37292 et aC

&2

The following diagram illustrates the iteration formula using a
first approximation.

B...(e.0) = E-1 &t g 0*B, 0*B, 0B,
(&) =B T E 2 5m52 T 50t T ag
Bo(&,{) = e**<. (7)
Eq. (7), gives:

_ 1|8t "By _ 9By _ 9Bo]| _
By(e,{) =E [1_54E [2 020e2 9+ ¢ ]] B

E- [124E[265+( e+l — es+{]] 0,

and B,(5,{) =0, Bs3(g,)=0

Hence, the solution is B(e, ) = e*¢. The ETM gives this
exact solution after only one iteration. Fig. 1 illustrates the graphical
representation of the numerical solution via ETM, which is identical
to the exact solution and therefore confirms higher the effective-
ness and the accuracy of this method. In this example, the relative
error is zero because we found the exact solution using only one
step.

let k=2, a=1, NB = (Z(’j)
g(e,0) = 0, then Eq. (2) becomes,

(‘;ZTZ)Z — 144B and

9B 9B a*B 828\ 2 828\ 2

e limat o= (Gr) —(Ga) —144B ®)
i

B(e,0) = —g*, 2 ‘;(;."’) =0, i=1,23.
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Fig. 1. Graphical representation of the ETM solution to example 1 after
only one iteration

Example 2.
It is the Cauchy problem of the fourth order hyperbolic equation
[13]. Using ET from Eq. (8) the following results are obtained:

Lo S 9%B(,0) .,
s EIBGe O] = ) s

k=0

3*B 0B (623)2 (azs
020e2 Qe aq2 de2

E[B(e, Q)] = —e*¢?
o5 _ 25 (‘;ZTB)Z - (62—5)2 - 1443].

d¢e?

—F [2 )2 - 1443],

+€4E [2 0720e? et

Following Example 1, the following recurring connection can be
obtained by following the same procedure:

_ 9*By, 3*By 3%By, 2
Bpii(e,() =E ! [fll’E [2 3720s2  get + ( a2 ) -

(52)" - 1aas, | o
BO(S, () = _84'

Later on, we are able to discover:
By(e,Q) = E"Y[§*E[24]] = E1[24£°] = {*, B,(&,Q) =
E~'[¢*E[1443* — 144(*]] = 0, B3(¢,{) = 0, and,
B,(,0) =0, .

Thus: B(e, {) = ¢* — &*. As the example 1, Fig. 2 shows the
graphical representation of the exact solution obtained by ETM to
this example, where the relative error is zero because we found the
exact solution using only one step.
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Fig. 2. Graphical representation of the exact solution to example 2 via
ETM after only one step
Example 3.
let k=3, a=1, NB=BLE_BLE 4nd g(s,0) =
et =5 a=1, - afz &2 an gf,( -
0, then Eq. (2) becomes,
a°B a°B a°B a°B a%B a%B
s 3arme t35me aw - Bop B (10
0%B(g,0 0*B(g,0
Bee0y = ZBE0) _ 0'B(0)
aq? ag4
=0,
dB(£,0) 0°B(£,0)
a7 =cosg, I cos¢e,
95B(g,0)
a—(s = CO0Ssg¢g,

This is the Cauchy problem for the hyperbolic equation of sixth
order [13]. The expression for Eq. (10) is as follows:

2B 2B 2B 2B 2B 92B
s B =30a 3 mat o BBz T8,
0°B(g,0) 0%B(g,0)
B0 =—G5—="75—=0,
0B(g,0) 0°B(£,0) 0°B(g,0)
7 cose , T cose , T cose,
Using ET to get:

5
1 ok
7 EIB(e, 0] - ’;ﬁB(& 08+ + E[B(e, )]

a°B a°B a°B 9°B  9°’B
=k [3 (6(4652 - 6{2654) tontEB (a_{z_ F) + B]’
1+¢°
5—65[3(5.5)] =7 —¢&+¢&>cose

+E [3 (6?‘::52 - 6?:;‘:4) + Z‘% +B (ZZTLZ - ?;Tf) + B]'

53
E[B(s, Q)] = ngcose

+ 15—6{5 E [3 (6;‘*63362 - 6;263384) + Z‘% +B (ZZTIZ; - (;ZT?) + B]'
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B(g,{) = cose E™* 1+52] +ET [1+€5E[ (6?466382 N
)t 5t B (5= 52) + ]|

Using the same method as in Example 1, one may find the re-
currence relation in the following.

1| &° a°s  a°B 3°B
Buii(e. ) =E 1+§6E [3 (a;‘tasz 6(2654) + deb +

B (5 -5 +8]]

By(5,0) = cose E71 [

= cosesin
+$2] ¢

Next, we have B,(¢,{) =0, By(5,{) =0,B3(s,{) =0,
Then B(g,{) = cosesin{, this is the exact solution of this ex-
ample and, is also obtained using ETM depicted graphically in
Fig. 3. In this example, the relative error is zero because we found
the exact solution using only one step.

0.8
0.6
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0.2
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Fig. 3. Graphical representation of the exact solution to example 3 via ETM
after only one iteration

4.2. Nonlinear Wave-Like Equations with Variable Coefficients

For explaining the growth of stochastic systems, one of the
most widely used wave models is the wave-like equation. The sto-
chastic behavior of exchange rates, fluctuations in laser light inten-
sity, and the random movements of microscopic particles immersed
in fluids are a few examples of such systems.

The situation in which a = a(e, ) may be a constant or func-
tion of or / and ¢, will now be examined.

Example 4

2
let, k=1, a=¢% NB=B~— (";—B) and g(e ) =
e?Sthen Eq. (2) becomes,

P8 _ 20 _ (082 o
8¢z € asZ_B (as) tew, (1)
0B(¢,0

a¢
Itis the Cauchy problem related to nonlinear wave-like equation
with variable coefficients [14, 26]. Using ET to get:

9*B(¢, 0
BB 0] - Z%%"

k=0
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92B(&) 3B(£,0)\?2
e o)

—£+£§+E[625]+E[268(80
53(-‘-’(')
( de )]'

_ -1 [E€%+8) &
Ble,)=E [1—52 T amaen

& ple0%e0 aB(so
1- 52 de?

+E7?

Using the same method as in Example 1, one may find the re-
currence relation in the following.

_1]| & 328, 9B, \2
Bayi(e,{) = B~ [@E[‘?Z?z"‘ (52) ”

8({2+53) + 54
1-¢2 (1-§9)a-25)1

BO(‘?'{) = E_l [
Next, we have:

By(&,9) = €e5+e_{(e{ - 1)°(2¢6 + 1)

6 )
el 2¢ -

Bl(g () >y _eT _e?:

32(8’6) = 0' B3(S'Z) = 0' B4(€: Z) =0--

Then B(e,{) = ee€. This is the exact solution to Eq. (11),
however the HAA provided in [26] does not yield the exact solution.
Fig. 4 shows the graphical representation of this solution, where
the relative maximum error does not exceed 2 x 10715 (see
Tab.1). This result, achieved after just two iterations, highlights the

efficiency of this method and its rapid convergence.
10
5
0
5
-10

B(e. ¢)

-

Fig. 4. Graphical representation of the exact solution to example 4 via
ETM after only two iterations

Tab. 1. Relative errors concerning example 4

Point Elzaki relative error
(0,0) 0
(-2,-2) 0
2,2) 2.4040 x 10716
(0.5,1.8333) 0
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(0.5,-1.8333) 1.7360 x 10715
(1.5,1.5) 2.6424 x 10716
(—1.5,—-1.5) 3.3171 x 10716
(1.1667,0.6667) 1.8535 x 10716

Example 5.
— — — — 2 —
Lett k=1, a={, NB= (s+52)2B and g(g,{) =0,
then Eq. (2) becomes,
9B 9’8 -2 2
az ﬁ_(8+€2)2B ! (13)
0B (g, 0) 5
B(S,O)—O, 6—<_£+£ .

This is the Cauchy problem for nonlinear wave-like equation
with variable coefficients [26].
The method used in Example 1 can be adopted to find the re-
current relationship in the following.
_ 92B, 2
Bpii(e, Q) =E71 [sz [( ez (e +¢2)2 (Bn)z] ] )

By(e,0) = (e + €% ).
Then:

31(5, Z) = 01 BZ(‘E'() = 0! B3(£! () = Or"';

therefore B(e, {) = (& + £2). Again, this is the exact solution to
Eq.(13), while HAA in [26] will not yield the exact solution. Fig. 5
shows the graphical representation of this solution, where the rela-
tive error is zero because we found the exact solution using only
one step.

Fig. 5. Graphical representation of the exact solution to example 5 via
ETM after only one iteration

5. DISCUSSION AND CONCLUSION

This article has discussed the derivation, convergence, and ap-
plication of the ET technique to higher-order nonlinear PDEs. Five
numerical issues were analyzed: three nonlinear higher-order hy-
perbolic equations and two nonlinear wave-like equations with var-
iable coefficient types. The ET method produces infinite power se-
ries solutions under suitable initial conditions, which nearly invaria-
bly spontaneously converge to the exact solution of the DEs. The
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obtained outcomes demonstrate the efficacy of the ET technique
as mathematical tools for solving higher order nonlinear PDEs.

These problems can be easily solved using the ET approach,
as the findings of the nonlinear wave-like equations show, but they
cannot be solved exactly with HAA [26]. The ET approach has ad-
vantages over MDM, HPM, and HAA due to its efficiency, ease of
use, little computational footprint, and proven lightning-fast conver-
gence to an exact solution. Because of its efficiency and ease of
use, we also want to extend its application to higher order fractional
PDEs in subsequent work. Lastly, we believe that those who work
in the modern technology and other areas will find this essay useful.
Finally, we think this article will be helpful to people who operate in
current technology and other fields. However, Elzaki transform
and/or other transforms remain incapable of solving certain differ-
ential equations, especially when dealing with unsuitable initial con-
ditions or strongly nonlinear problems.
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